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Abstract. This work presents a narrowing calculus for reachability problems in order-
sorted conditional rewrite theories whose underlying equational logic is composed of some
theories solvable via a satisfiability modulo theories (SMT) solver plus some combination of
associativity, commutativity, and identity axioms for the non-SMT part of the equational
logic; the conditions of the rules can be either rewrite conditions or quantifier-free SMT
formulas. For any normalized answer of a reachability problem, this calculus computes this
answer, or a more general one that can be instantiated to it.
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1 Introduction

Rewriting logic is a computational logic that has been around for more than twenty years [Mes90].
The semantics of rewriting logic [BM06] has a precise mathematical meaning, allowing mathe-
matical reasoning for proving properties, providing a flexible framework for the specification of
concurrent systems; moreover, it can express both concurrent computation and logical deduc-
tion, allowing its application in many areas such as automated deduction, software and hardware
specification and verification, security, etc. [MMO02, Mes12]

A system is specified in rewriting logic as a rewrite theory R = (X, E, R), with (X, F) an
underlying equational theory, which in this work will be order-sorted equational logic, where
terms are given as an algebraic data type, and R a set of rules that specify how the deductive
system can derive one term from another. Many-sorted and unsorted theories can be formulated
as special cases of order-sorted (OS) theories.

Reachability problems have the form 3z(¢(Z) —* t/(Z)), with ¢, ¢ terms with variables in
z, or a conjunction of several of these subgoals, 3z A, (t;(Z) —* ¢;(Z)). Reachability problems
can be solved by model-checking methods for finite state spaces. When the initial term ¢ has no
variables, i.e., it is a ground term, and under certain admissibility conditions, rewriting can be
used in a breadth-first way to traverse the state space, trying to find a suitable matching of ¢'(z)
in each traversed node. In the general case where ¢(Z) is not a ground term, a technique known as
narrowing [Fay79] that was first proposed as a method for solving equational goals (unification),
has been extended to cover also reachability goals [MTO07], leaving equational goals as a special
case.

Such FE-unification algorithm can itself make use of narrowing at another level for finding
the solution to its equational goals. Specific E-unification algorithms exist for a small number
of equational theories, but if the equational theory (X, E') can be decomposed as Ey U B, where
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B is a set of .a>xioms having a unification algorithm, and the equations FEj can_b}e turned into a
set of rules Ey, by orienting them, such that the rewrite theory E = (X, B, Ey) is admissible
in the sense of the previous paragraph, then narrowing can be used on ﬁ to solve the F-
unification goals generated by performing narrowing on R. For these equational goals the idea
of variants of a term has been applied in recent years to narrowing. A strategy known as folding
variant narrowing [ESM12], which computes a complete set of variants of any term, has been
developed by Escobar, Sasse, and Meseguer, allowing unification modulo a set of unconditional
equations and axioms. The strategy terminates on any input term on those systems enjoying
the finite variant property, and it is optimally terminating. It is being used for cryptographic
protocol analysis [MTO7], with tools like Maude-NPA [EMMO9], termination algorithms modulo
axioms [DLMT08|, algorithms for checking confluence and coherence of rewrite theories modulo
axioms [DM12], and infinite-state model checking [BM14]. Recent development in conditional
narrowing has been made for order-sorted equational theories [CEM15] and also for rewriting
with constraint solvers [RMM17].

Conditional narrowing without axioms for equational theories with an order-sorted type struc-
ture has been thoroughly studied for increasingly complex categories of term rewriting systems.
A wide survey can be found in [MH94]. The literature is scarce when we allow for extra variables
in conditions (e.g., [GMS86], [Ham00]), conditional narrowing modulo axioms (e.g., [CEM15]), or
conditional narrowing modulo a set of equations (e.g., [Boc93]).

Narrowing is a technique used to inspect complex concurrent and deductive systems. One of
the weaknesses of narrowing is the state space explosion associated to any reachability prob-
lem where arithmetic equational theories are involved. Satisfiability modulo theories (SMT)
solvers [dMBO8] are an extension of Boolean satisfiability (SAT) solvers, that can handle a wide
variety of equational theories, including integer and real numbers.

In this work we consider rewrite theories where the conditions that appear in their rules
are either rewrite conditions or quantifier-free SMT formulas, with no restriction regarding the
variables that appear in these rules or in the reachability problems. Rewrite theories always
have an underlying equational theory. In our work, the underlying equational theory E of the
admitted rewrite theories must be decomposable in £ = Ey U B where Ej is a subset of the
theories handled by SMT solvers, and B is a set of axioms for the algebraic data types not
handled by the SMT solvers. Abstracting the SMT subterms of the left hand side of the rules
and adding compensating equations in the conditions, as already done in [RMM17], will play a
significant role in our work.

This work extends the use of SMT solvers in rewriting from [RMM17], where neither rewrite
conditions in the rules nor non-SMT variables in the reachability problems are admitted, to the
narrowing environment, removing both restrictions.

The main contribution of this work is the development of a sound and weakly complete,
i.e., complete with respect to idempotent normalized answers, narrowing calculus for conditional
narrowing modulo Ey U B for the considered rewrite theories that has the property that just by
having the access to an oracle for Ey, the SMT solver itself, it is possible to prove the soundness
and weak completeness of the calculus. Usually the whole equational theory E is needed when
performing this kind of proofs. To the best of our knowledge, a similar calculus does not exist in
the literature.

The work is structured as follows: Section 2 presents basic definitions and properties for order-
sorted equational deduction and unification, together with the concepts of built-in subtheories
and abstraction. Section 3 presents rewriting modulo built-in subtheories and axioms (R/E),
and the normal form (R°) of a rewrite theory R. Also a new relation, rewriting with normal
forms and axioms (R°, B), is presented. This relation is closely related to the narrowing calculus
to be presented in Section 5 . In Section 4 the notions of B-extension and rewrite theory closed
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under B-extensions are presented. Then the equivalence of R/E-rewriting and R°, B-rewriting,
for rewrite theories closed under B-extensions, is proved. In Section 5 the narrowing calculus for
reachability is introduced. Then the soundness and weak completeness of the calculus are proved,
as well as the completeness for some rewrite theories. Section 6 shows the calculus behavior in
action with the running example. In Section 7, related work, conclusions, and future lines of
investigation for this work are presented. The formulation of a related Corollary from [Mes17]
and the proofs can be found in the appendices.

2 Preliminaries

Familiarity with term rewriting and rewriting logic [BMO06] is assumed. Several definitions and
results from [RMM17] are included in this section.

2.1 Running example

Ezxample 1. Toast cooking will be used as running example. A toast is well-cooked if both sides
of the toast have been cooked for exactly five seconds. No overcooking is allowed. Fresh toasts
are taken from a toast bag, and they are cooked using a frying pan that can toast up to two
toasts simultaneously, toasting one side of each toast. There is a tray, where fresh toasts are put
when taken from the bag. A toast can be flipped directly over the pan, or returned to the tray.
Finally, there is a dish where well-cooked toasts can be output.

A toast (abbreviated to t) can be a realToast (rt), represented as an ordered pair of natural
numbers, each one with sort integer (i), storing the seconds that each side has already been
toasted, or an emptyToast (et) which has a constant zt, representing the absence of toasts;
a pan (p) is an unordered pair of toasts; a kitchen (k) has a timer, represented by a natural
number, and a pan; a tray (r) is a multiset of toasts; the bag and the dish are represented by
natural numbers, the number of realToasts in each one; the system (s) has a bag, a tray, a
kitchen, and a dish. When a realToast is in the pan, the side being toasted is represented by
the first integer of the ordered pair. There is one auxiliary function, cook. The rules for toast
cooking are the following:

1. The function call cook(z, y) will return the kitchen obtained from kitchen x after y seconds,
where y is a positive integer, only if no realToast in the pan gets overcooked.

2. A fresh realToast can pass from a non-empty bag to the tray.

3. A realToast can pass from the tray to the pan if there is room in the pan. The realToast
cannot, be flipped during this action.

4. A kitchen with at least one realToast in the pan can cook the realToasts that are laying
on the pan any given integer number of seconds.

5. A realToast in the pan can be flipped over the pan.

A realToast in the pan can be returned to the tray, without getting flipped.

7. A well cooked realToast can be taken out to the dish. This operation takes one second, so
if there is another realToast in the pan, it will get cooked for one second.

o

2.2 Order-sorted equational logic

Definition 1 (Order-sorted signature). An order-sorted signature is a tuple X' = (S5, <, F')
where:
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— (5,<) is a kind complete poset of sorts, i.e., its connected components are the equivalence
classes corresponding to the least equivalence relation =< containing <, and for each sort s
in S its connected component has a top sort, denoted [s] and called the kind of s.

— F ={X s, s}(s1..60.5)e57xs 15 an S*xS-indexed family of sets of function symbols, where
for each function symbol f in X, s s there is a function symbol f in X . (s.],1s]-

— X is sensible, i.e., if f is a function symbol in X, . o, f is also a function symbol in
Yo .st s and [s;] = [si] fori=1,... ,n then [s] = [s'].

When each connected component of (.5, <) has exactly one sort, the signature is many-sorted.

Ezample 2. In the cooking example, omitting the implied kind for each connected component of

S, X =(5<,F)is:

S = {integer,realToast, emptyToast, toast, pan,kitchen, tray, system},

< = {(realToast, toast), (emptyToast, toast), (toast, tray)},

F = {{[_a _]}i i,rts {__}t t,ps {_;_}rr,r; {_; _}i p.k> {COOk}k i,[k]» {_/_/_/_}i rki,s {Zt}et}-
The notation used in F has the following meaning: {[ , |}; i r+ means that there is a mix-fix

function symbol [ , | such that if ¢; and iy are terms with sort integer then [i1,i2] is a term

with sort realToast. It is possible to use functional notation for all function symbols, but mix-fix

notation will be used in order to ease the reading.

The order < on S is extended to S* in the usual way: if w =s1...8, iIn ™, w' =s}...s), in

S™, and s; < s, for i =1,...,n then w < w'. When f € X ;, € being the empty word, we call f
a constant with type s and write f € X5 instead of f € X ;.

A function symbol f in X, s is displayed as f: s1...s, — s, its rank declaration. Then
f is said to have arity n and end type s. Miz-fix notation is allowed in X', where the symbol _
is used to identify the position of each s; in s7...s,. If omitted, the usual functional notation
f(s1,...,8,), which is an admitted alternative notation for all functions, is assumed. An S-sorted
set X = {X;s}ses of variables satisfies s # s’ = X; N X, = (), and the variables in X are disjoint
from all the constants in Y. Each variable in X has a subindex indicating its sort, i.e., s has
sort s. A term that has no variables in it is said to be ground. A term where each variable occurs
only once is said to be linear. For S’ C S, a term is called S’-linear if no variable with sort in S’
occurs in it twice.

The sets Ty, s and Tx(X)s denote, respectively, the set of ground X-terms with sort s and the
set of X-terms with sort s when the variables in X" are added as extra constants. The notations
Ts and Tx (&) are used as a shortcut for (J,.g Tx s and (J,cg Tx(X)s respectively. We write
vars(t) to denote the set of variables in a term ¢ in 7x(X). This definition is extended in the
usual way to other structures. It is also assumed that X has non-empty sorts, i.e., Tx s # 0 for
all sorts s in S.

Positions in a term ¢: when a term ¢ is expressed in functional notation as f(ti,...,t,), it
can be pictured as a tree with root f and children ¢; at position ¢, for 1 < ¢ < n. Then the root
position of ¢ is referred as € and the other positions of ¢ are referred as lists of nonzero natural
numbers separated by dots, i1.i2 - - - i), meaning the position g - - - i,, of t;,, where 1 < i; < n.
The set of positions of a term is written Pos(t). The set of nonvariable positions of a term is
written Posx(t). t|, is the subtree of ¢ below position p. ¢[u], is the replacement in ¢ of the
subterm at position p with a term w. As an example, if ¢ is f(g(a,b),c), then t|; is g(a,b), t|1.2
is b, and t[d]1.2 is f(g(a,d),c). For any position p define p.e = p. For positions p and ¢, we write
p < q if there is a position r such that ¢ = p.r, and write p < ¢ if ¢ = p.r and r # e. Trivially
p < p because p = p.e.

Definition 2 (Preregularity). Given an order-sorted signature X, for each natural number
n, for every function symbol f in X with arity n, and for every tuple (s1,...,s,) in S™, let
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St.s1....s, be the set containing all the sorts s’ that appear in rank declarations in X of the form
frosy...sl, — s such that s; < s}, for 1 <i <n. If whenever Sy s, s, is not empty (so a term
f(t1,...,tn) where t; has type s; for 1 <i <n would be a X-term), it is the case that Sy, . s,
has a least sort, then X' is said to be preregular.

Preregularity guarantees that every X-term ¢ has a least sort, denoted Is(¢), among all the
sorts that ¢ has because of the different rank declarations that can be applied to ¢, which is the
most accurate classification for ¢, i.e., for any rank declaration f : s;...s, — s that can be
applied to ¢ it is true that Is(t) < s.

A substitution o : X — R, where R C Tx(X), is a function that matches the identity
function in all X' except for a finite set of variables called its domain, dom(c). If R C Ty
then the substitution is ground. A substitution o is well-formed if ls(yso) < s for each variable
ys in dom(o). It is assumed throughout that all substitutions are well-formed. Substitutions
are written as o = {yi —t1,---, Y —t,} where dom(o) is {y} ...,y } and the range of o
is ran(o) = (Ui, vars(t;) . We write 0 : D — R, where D is a finite set of variables, to
imply that dom(o) = D. The identity substitution is displayed as id. A substitution o where
dom(o) ={z} ,....,a7 } (n>0), 2zl o=yl € X, for 1 <i<n,andy’ #yg], for1<i<j<n
is called a renaming. Substitutions are homomorphically extended to terms in 7x(X) and also to
the rest of syntactic structures to be introduced, such as equations, goals, etc. The restriction oy,
of o to a set of variables V is defined as xoy = zo if x € V and xoy = x otherwise. Composition
of two substitutions ¢ and ¢’ is denoted by oo’, with z(c0o’) = (zo)o’ (left associativity). For
a substitution o, if 0o = ¢ we say that o is idempotent. It is also assumed throughout that all
substitutions are idempotent, usually because dom(o) N ran(o) = 0. For substitutions o and o”,
where dom(o)Ndom(c’) = (), we denote their union by o U ¢’. A context C is a A-term of the
form Az} .-zl .t, with t € To(X) and {z,,... 27 } C vars(t).

A XY-equation is a binary predicate of the form [ = r, where | € Tx(X)s,, 7 € Ts(X)s,,
and s; =< s,. A conditional X-equation is a triple [ = r if C with [ = r a Y-equation and C
a conjunction of Y-equations. We call a X-equation | = r: regular iff vars(l) = vars(r); sort-
preserving iff for each substitution o, lo in Tx (X)), implies ro in Tx(X)s and vice versa; left (or
right) linear iff | (vesp. r) is linear; linear iff it is both left and right linear.

A set of equations E is said to be regular, or sort-preserving, or (left or right) linear, if each
equation in it is so.

2.3 Built-ins and abstractions

Definition 3 (Signature with Built-ins [RMM17]). An OS signature X = (S,<,F), has
built-in subsignature Xy = (Sp, <, Fp), iff:

-2 C Y,

— Xy is many-sorted,

— So is a set of minimal elements in (S, <), and

—if f:w— s € F1, where Fy = F \ Fy, then s is a sort not in Sy and f has no other typing
m E().

We let X() = {Xs}sesoa Sl = S\So, 21 = (S,S,Fl), HE(X) = TE(X)\TEO(X()), and 7‘[2‘ =
T\ Ts,-

Definition 4 (Abstraction of built-in [RMM17]). If X O X, is a signature with built-in
subsignature, then an abstraction of built-in is a context C = )\xil coexy %, with n > 0, such
that t° € Ty, (X) and {x} ,... 2% } = vars(t°) N Xp.

S17
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Lemma, 1 shows that there exists an abstraction that provides a canonical decomposition of
any term in Hx(X).

Lemma 1 (Existence of a canonical abstraction [RMM17]). Let X be a signature with
built-in subsignature Xy. For each term t in Hx(X) there exists an abstraction of built-in
Azl ---al t° and a substitution 0° : Xy — Tx,(Xo) such that (i) t = t°0° and (ii) dom(0°) =

{al ,....22 } are pairwise distinct and disjoint from vars(t); moreover, (iii) t° can always be
selected to be So-linear and with {x} ,...,z7 } disjoint from an arbitrarily chosen finite subset
)} Of Xo.

Now we present a function that will be needed several times in the definitions to come for
rewriting and narrowing modulo built-ins.

Definition 5 (Abstract function [RMM17]). Given a term t in Tx(X), define abstract s, (t,Y)
as Azl -zl °,0° ¢°) where the context Az} --- a7 .t° and the substitution 6° satisfy the prop-
erties (i)-(iii) in Lemma 1 and ¢° = N[, (2} = 2% 6°). Ift in Tx, (X\Xo) then abstracts, (t,)) =

(A-tyid; true). We write abstracts, (t) when Y is the set of all the variables that have already ap-
peared in the current calculation, so each xy, is a fresh variable.

2.4 Order-sorted equational theories

Definition 6 (OS equational theory). An OS equational theory is a pair (X, E), where X
is an OS signature and E is a finite set of (possibly conditional) X'-equations of the form | =
rif Ni_y l; = r;. All the variables appearing in these X-equations are interpreted as universally
quantified. We write | = r if C as a shortcut.

Ezample 8. The order-sorted theory for the cooking example has X' = (X, S, <) and F is the set
Ey of equations for integer arithmetic (not displayed), together with the equations:

(25 yr); 2e = Tr; (Yrs 20)y Tx3 Yo = Yoy Try Tr3 28 = Tp, TeYe = Yol

stating that the tray is a multiset of toasts and that the position of the toasts in the pan is
irrelevant.

Definition 7 (Equational deduction). Given an OS equational theory (X, E) and a X-
equation | = r, B+ | = r denotes that | = r can be deduced from E using the rules in Fig-
ure 1 [BM06, BM12]. We write =g r iff EF1=r.

An OS equational theory E = (¥, E) has an initial algebra (Tx/p or Tg), whose elements
are the equivalence classes [t]g C Ty of ground terms identified by the equations in E.

The deduction rules for OS equational logic specify a sound and complete calculus, i.e., for all
Y-equations [ =7, EF [ =riff | = r is a logical consequence of E (written F F | = r) [Mes97].

t € Ts(X)

t =E l =ET

f S 251...57“5 li =g Ti li,rieT;(X)si,lgign
f(ll,...,ln) =F f(’f'1,...,1"n)

(l=rif N_yli=ri) €E 0:X=Tg(X) lho=grioc---lno =T

lo =g ro

l=gt t=g

. l= e
Reflexivity 7E7; Symmetry r Transitivity
T =F

Congruence

o
Replacement

Fig. 1. Deduction rules for OS equational logic.
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Proposition 1 (Instance deduction). Let (X, E) be an OS equational theory. For each X-
equation | = r in X and each substitution o, if E -1 = r then E F lo = ro using the same
number of deduction steps.

Proof. Immediate by induction.

A theory inclusion (X, F) C (X', E’) is called protecting iff the unique X-homomorphism
Ts/e — Txr/pr|s to the Y-reduct of the initial algebra Tx/ g is a X-isomorphism, written
TZJ/E = TE’/E/|E-

2.5 Unification

Given an OS equational theory (X, E), the E-subsumption preorder < g on Tx(X) is defined by
t < g t’if there is a substitution o such that ¢ =g t'o. For substitutions o, p and a set of variables
V we write py < oy if there is a substitution n such that py =g (o7)y. We say that o is more
general than p with respect to V. When V is not specified, it is assumed that dom (o) C dom(p)
and o is said to be more general than p.

Given an OS equational theory (X, E), a system of equations F is a conjunction A\!_, I; =7
where, for 1 < i < n, l; = r; is a Y-equation. An E-unifier for F' is a substitution o such that
lioc =g rio, for 1 <1i < n.If id is an E-unifier for F' then we say that F' is trivial. The condition
in a conditional equation is a system of equations.

Definition 8 (Complete set of unifiers). For F' a system of equations and Var(F) C W,
a set of substitutions C’SUEV(F) is said to be a complete set of E-unifiers of F' away from W
iff each substitution o in CSU};V(F) is an E-unifier of F, for any E-unifier p of F there is a
substitution o in CSUY (F) such that pyy <g ow, and for each substitution o in CSUY (F),
dom(c) C Var(F) and ran(c) N W = 0.

The notation CSU g is used when W is the set of all the variables that have already appeared
in the current calculation, preventing the collision between new variables from the E-unifier and
variables already used in the calculation. A substitution o in CSUg(F) is always idempotent
because dom(a) N ran(c) = 0.

This notion was introduced by Plotkin [Plo72]. An E-unification algorithm is complete if for
any given system of equations it generates a complete set of F-unifiers, which may not be finite.
An FE-unification algorithm is said to be finitary and complete if it terminates after generating
a finite and complete set of solutions.

3 Conditional Rewriting modulo built-ins and axioms

This section introduces rewriting modulo built-ins and axioms, the normal form of a rewrite
theory with built-ins, and the concept of R°, B-rewriting, which is one of the keys to the narrowing
calculus presented in Section 5. Also the concept of one-step deduction for B, Ey, and F is
presented. Using this concept, every deduction ¢t =g " can be seen as a mixed series of one-step
deductions in B and Ej. The ultimate goal is to be able to put all the one-step deductions in
B at the beginning of the deduction, so there exists a term t’ such that ¢t =g t' =g, t”". A new
concept of topmost Xy-position is presented in order to prove the interchangeability of one-step
deductions in B end Ej and find the desired term t'.

Definition 9 (B-preregularity). Given a set of X-equations B used for deduction modulo B, a
preregular OS signature X is called B-preregular iff for each equation u = v in B and substitution
o, Is(uo) = ls(vo).
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Definition 10 (Conditional rewrite theory with built-in subtheory and axioms). 4
conditional rewrite theory R = (X, E, R) with built-in subtheory and azioms (X, Ey) consists of:

1. an OS equational theory (X, E) where:

- XY =(X,5,<) is an OS signature with built-in subsignature Xy = (Xo, So),

— E = Ey W B, where Ey is the set of Xy-equations in E, the theory inclusion (Xy, Eg) C
(X,E) is protecting, B is a set of regular and linear equations, called axioms, each
equation having only function symbols from X\ Xy,

— there is a procedure that can compute CSU};V(F) for any system of equations F,

— X is B-preregular, and

2. a finite set of (possibly conditional) rewrite rules R, each one with the form | — r if /\?=1 li —
r; | ¢, we write | — r if C as a shortcut, where:

—leHs(X)\X, reHx(X), Is(l) =< Is(r),

— for each pair l;,r;, 1 <i<n,l; € Hs(X), r; € Hs(X), Is(;) =< Is(r;), and

— ¢ € QF(Xy), the set of quantifier free formulas made up with terms in Tx,(Xp), the
comparison function symbols = and #, and the connectives V and A.

All the variables appearing in these rewrite rules are interpreted as universally quantified.
Three particular cases of the general form are also admitted: 1 — v if N\i_, l; = i, 1 = rif ¢,
and l — r.

Proposition 2 (Relation between Y-terms and abstractions in rewrite theories). Let
R = (X, E,R) be a rewrite theory with built-in subtheory (Yo, Fy), and t be a term in Hx(X),
with abstracty, (t) = (AZ.t°;0°; ¢°). For any substitution o such that Ey E ¢°0, it follows that
t°c =g to.

The transitive (resp. transitive and reflexive) closure of the relation —1%, inductively defined
below, is denoted —7, (resp. —%).

Definition 11 (Rewrite step). Given a rewrite theory R = (X, EgUB, R) with built-in subthe-
ory (X0, Ey), a term t in Hsx, a position p in Pos(t), a rewrite rulec =1 —r if Ni_jl; =>ri|¢
in R, and a substitution o : vars(c) — Ty, the one-step transition t —}% t[ro], holds iff t = t[lo],,
lic =% rio, for 1 <i <n, and Ey F ¢o. We write (t,u) €—% when t =} u. Given a rewrite
theory R, we call u reachable from t in —% iff t =% u.

For every rewrite step ¢ —% t[ro], there exists a closed proof tree witnessing it, in the sense
of [LMMO05].

Definition 12 (Reachability problem). A reachability problem is an ezpression P with form
Ny ti = v | ¢, with t; and v; in Hx(X), for 1 <i < n, and ¢ € QF(X,). Each expression
t; — v, 1 <i<n, is a subgoal of P and ¢ is the reachability formula of P.

Definition 13 (Solution of a reachability problem). A substitution o : vars(P) — Tx is a
solution of a reachability problem P = /\?=1 t; = v; | ¢ in a rewrite relation iff v;o is reachable
from t;o, for 1 < i <n, in that rewrite relation and Ey F ¢o.

The conditional part, C, of any rewrite rule [ — r if C' is a reachability problem. If a one-step
transition is performed on a term using this rule and a substitution o, then o is a solution for C.

Ezample 4. In the cooking example, Ej is the theory for integer arithmetic, B is the set of axioms
in Example 3, and R is the following translation of the rules for cooking, shown in Example 2.1,
where each rule is prefixed by a label that will be used in the following examples to distinguish
the rule being used in each step and the abbreviations used for the subindices, as established
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before, are i — integer,rt — realToast,t — toast,k — kitchen,r — tray:
[rla] : cook(yi;ztzt,z;) — yi + zi;ztztif 23 >0
[r1b] : cook(yi;[as,bi]zt,zi) — yi + zi5[as + 21, bi]zt if 23 > 0Aa; + 23 <5
[rlc]: cook(yi;[ai,bi] [ci,dil,z:) — yi + 2i;as + 21, bi] [ei + 21, di]

’ifZi >0/\ai+Zi §5/\ci+zi SE)

[r2] : mi/ar/ge/0ks — (ni —1)/[0,0]; 2r/ g/ 0ks if ns >0

(73] s s /hre; e [ys; 2t Ve fOks — M /T [Ys; hee vy [0k

[rd] : yi; hey V¢ — cOOK(Yi; hpy Vg, 21)

[75] : ys;[as, bi] ve = Y5 [bs, as] v

[76] : s /2 [ys; [as, bs] ve/oks — ns/[as, bi]; 2 /ys; 2t ve/oks

[r7] : ny/2e/ys; [5,5) ve/0ks — ni/xe/gx/0ks + 1if cook(ys;zt vg, 1) — g

The transitive closure of the relation %}% /B inductively defined below, is denoted %; /B The
relation — g/ p is defined as —>R/E:—>E/E U =g (or, equivalently, —>*R/E; =g).

Definition 14 (Rewrite step modulo).

Given a rewrite theory R = (X, E, R) with built-in subtheory (X, Ep), and terms t,v in Hyx,
a rewrite rule ¢ =1 — r if N\'_;l; = i | ¢ in R specifies a one-step modulo transition ¢ —>}%/E v
iff there exist a term u in Hy, a position p in Pos(u), and a substitution o : vars(c) — Tx such
that t =g v = u[loly,, ulrol, =g v, lij0 =g g ri0, for 1 <i <n, and By F ¢o.

We call v reachable from tin — g, g iff t — /g v. A reachability problem P = Njti = v | ¢
holds with substitution o : vars(P) — Tx in —g/p iff t;0 =g, p tio, for 1 <i < n,and Ey F ¢o.

Rewriting modulo is rewriting with the equivalence classes of the relation =g. One rewrite
step can be applied to a whole class [t]g iff it can be applied to any of its terms u € [t]g. The
relation —>}%/E on Ty corresponds to the relation —} on Ty, ie., ¢ —>}2/E tiff [t =k [V]E.
A term t’ is reachable from a term ¢ in — g/ p iff [t]p =% [t'] 5, and that is what the definition of
reachability modulo reflects, allowing to reason about sets of equivalent terms instead of about
single terms, but maintaining the term notation.

Rewriting modulo is more expressive than rewriting (%}%ga}%m): from Definitions 11 and

14 it is clear that —>}%§—>}2/E; in the next example we prove that —>}%/E;§—>}%.

Ezample 5. Let us assume a rewrite theory R = (X, E, R) with built-in subtheory (X, Ey),
where Sy = {n}, Xy has constants 0, 1, 2, and a binary function symbol 4+ :nn — n;
Ey ={z+y=y+z}; f and g are function symbols in Xy; B = {f(x,y) = f(y,z)}; and the
only rule in Ris ¢ = f(2+ «,0) — g(x). Then f(0,1 + 2) cannot be rewritten in R because
f(0,142) # f(2+ x,0)0 for any substitution o, but f(0,1+ 2) —>}3/E g(1) with o = {z — 1},
because 1 +2 =g, 2+ 1,50 f(1+2,0) =g f(24+1,0) = f(2+ z,0)0.

Although rewriting modulo is more expressive than rewriting, whether a one-step modulo
transition ¢ —>}2 /B holds is undecidable, in general, since E-congruence classes can be infinite.
Two simpler relations, —>}%7B and —p g [GKO1], and the normal form R° of a rewrite theory
R are now defined. Under one additional assumption, see Theorem 1, rewriting with these new
relations using the normal form of a rewrite theory will be equivalent to rewriting modulo E with
the original theory, i.e., =ko == 5 and —ge,p=—>g/p. The main difference between —7
and —>}%o7 B, apart from the possibly different set of rules, is that the first one uses matching
modulo £ and the second one uses matching modulo B, which is computable.

The transitive and reflexive closure of the relation —>}%7 g, inductively defined below, is denoted
—'.p- The relation — g p is defined as —r p= (=5 5;=r)
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Definition 15 (R,B rewriting). Given a rewrite theory R = (X, Ey U B, R) with built-in
subtheory (2o, Eo), and terms t,u in Hyx, a rewrite rule ¢ =1 — r if N\/_,l; = 7 | ¢ specifies
a one-step transition in R, B t —>}%7B u iff there exist a position p in Pos(t), and a substitution
o vars(c) = Tx such that t|, =g lo, uw=p t[rolp, lic =g B 10, for 1 <i<n, and Ey F ¢o.

We call u reachable from t in —p p if t = p u. A reachability problem P = /\;L:1 ti > u; | @
holds with substitution o : vars(P) — Tx in —g p iff t;c =g p w0, for 1 <i <n, and Ey F ¢o.
R, B-rewriting is more expressive than rewriting, as shown in the following example.

Ezample 6. Using the rewrite theory R = (X, E,R) from Example 5, f(0,2 + 1) cannot be
rewritten in R because f(0,2+1) # f(2+4x,0)o for any substitution o, but f(0,2+1) —>}%’B g(1)
with rule ¢ and o = {x + 1}, because f(0,2+ 1) =p f(2+1,0) = f(2+ z,0)0.

Definition 16 (Normal form of a rewrite theory with built-in). Let R = (X, E, R) be a
rewrite theory with built-in subtheory (2o, Ey). For every rewrite rule ¢ =1 — r if N/, l; —
ri | ¢ in R, if abstracty, (1) = (A\Z.1°;0°; ¢°) then the normal rewrite theory R° = (X, E, R°) has

in R° a rewrite rule:

=1 =rif Nli—ri|l¢ng,

i=1

Ezample 7. The normal form R° for the cooking example has the same conditional rewrite rules
in R, except the last one,

[r7] : mi/xe /ys; [5, 5] ve/0ks — ni/xr/ge/0ks + 1 if cook(yi;zt v, 1) — gy,

whose normal form is:

[r7°] : ni /@y ys; [ai, bi] ve/oks — ni/xy/g/oks + 1if cook(ys;zt v, 1) = gxr Aas =5Ab; =5.

Definition 17 (Normalized substitution). Given a rewrite theory R = (X, E, R) with built-
in subtheory (Xo, Ey) and its normal form R° = (X, Ey U B, R°), a substitution o is R/E-
normalized (resp. R°, B-normalized) iff for each wvariable x in dom(o) there is no term t in
Ts(X) such that xo %}%/E t (resp. xo %}3073 t).

Proposition 3 (Inclusion of —>}{’B in —>}3073). Let R = (X, Eq U B, R) be a rewrite theory
with built-in subtheory (Xo, Ey) and R° = (X, Eyg U B, R°) be its normal rewrite theory. Then
—rBS—Re.B-

. . . 1 1
There exist rewrite theories where =5 p#— 5o 5.

Ezample 8. Using the rewrite theory R = (X, E, R) from Example 5, where B = {f(x,y) =
fly,x)} and R = {f(2+ z,0) — g(x)}, the only rule in R° is ¢® = f(y,z) — g(x) if nil |y =
242Az = 0. The term f(0,1+42) cannot be rewritten in R, B because as 1+2 # 2+1 (syntactically
speaking) then f(0,1+2) #5 f(2 4 2,0)0 for any substitution o. But f(0,1+2) —k. 5 g(1)
with ¢® and 0 = {& — 1,y — 14 2,z — 0}, because Ey F 1+2 =2+ 1A0 = 0 and
f(0,1+2)=p f(1+2,0)= f(y, 2)o, so in this example —>}{737ﬁ—>}%073.

Definition 18 (One-step B-deduction and Ey-deduction). Let R = (X, Ey U B, R) be a
rewrite theory with built-in subtheory (Xo, Eo). Let B~ = {v = w | w = v € B}, then we write
l <>p 7 iff there exists v = w in B U B~Y, a position p in | and a substitution o such that
ll, =vo and r = ljwol,. Let E;' = {v=w if C|w=v if C € Ey}, then we write | <>g, 1 iff
there exists v = w if C in EgU Egl, a position p in | and a substitution o such that l|, = vo,
r = l{woly, and Eg F Co. We define <>g=<p U <> g, .
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Definition 19 (Set of topmost Yy-positions). Let R = (X, Eg U B, R) be a rewrite theory
with built-in subtheory (Xo, Ep), and t a term in Hx(X). The set of topmost Xy positions of t,
top s, (t), is tops, (1) = {p | p € Pos(t) NFi € N(p = q.i ANt|g € Hs(X) At]p € Tx,(AX0))}-

tops, (t) characterizes the biggest Tx,(Xp)-subterms of ¢. Obviously, if p,q € topy, (t) and
p # q then neither p < g nor ¢ < p.

Proposition 4 (Invariants of topy, under Ey-equality). Let R = (X, EgUB, R) be a rewrite
theory with built-in subtheory (Xo, Eo). If t and t' are two terms in Hx(X) such that t =g, ¢
then:

~

top s, (t) = topx, (t'),
Is(tlg) = Is(t'|q) and t|q =g, t'|q for all positions q in topy, (1),
tly =g, t'|g for all positions ¢’ such that t|y € Hx(X), and

4. lf tOpEo(t) = {qlv ceey qn} then t' = t[t/|lI1]lI1 T [t/‘Qn]QH'

o o

Proposition 5 (Relation between abstracts, and topy ). Let R = (¥,EyU B, R) be a
rewrite theory with built-in subtheory (Xo, Eo). If t is a term in Hx(X), abstracty, (t,Y) =
(AZ.t°;0°¢°), where T = {x1,...,2,} and t° = t[x1]q, - - - [20]q,, then (i) top s, (t) = {q1,. .., qn},
and (ii) for every substitution o : T — Tx,(Xp) it holds that topy, (t°0) = tops, (t).

Using the previous results it is possible to prove that rewriting with %}%073 doesn’t depend
on the chosen representative for a class of terms modulo Ej.

Lemma 2 (Independence of R°, B-rewriting under Ey-equality). Let R = (X, EgUB, R)
be a rewrite theory with built-in subtheory (Xo, Eg) and R° = (X, Ey U B, R°) its normal rewrite
theory. If t, u, and v are terms in Hyx, t =g, u, and u _>}%°,B v then there exists a term w in
Hs such that t _>}%°,B w and w =g, v.

The interchangeability of <»p and < g, deduction is now proved, first for one step of each
type, then for one <»p deduction step and several <>, steps, and finally for any combination of
+p and g, deduction steps.

Proposition 6 (One-step transposition of B-deduction and Ej-deduction).

Let R = (¥, Ey U B, R) be a rewrite theory with built-in subtheory (Xo, Ey). If to, t1, and ty
are terms in Hx(X) such that tg <> g, t1 <> g to then there exists a term t| in Hx(X) such that
to < B tll S E, to.

Proposition 7 (transposition of B and Ey-deduction).

Let R = (¥, EyU B, R) be a rewrite theory with built-in subtheory (Xo, Eo). If {to,...,tnt1}
is a set of terms in Hx(X) such that to g, t1 < E, -+ < B, th-1 < B tn then there exists a set
of terms {t}, ...t _1} in Hx(X) such that to <>p t) < g, - B, th_1 < By tn-

Proposition 7 can also be stated as: if tg =g, tn—1 <5 t, then there exists ¢] such that
to < B tll =F, tr-

Proposition 8 (Decomposition of F-equality in B-equality plus Ej-equality).

Let R = (X, E, R) be a rewrite theory with built-in subtheory (X, Ey), and R° = (X, Ey U
B, R°) its normal rewrite theory. If t and t" are terms in Hx(X) and t =g t" then there exists
a term t' in Hx(X) such thatt =pt' =g, t".
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4 Rewriting with B-extensions

In this section, the last elements needed for the narrowing calculus are presented: B-extensions
and rewrite theories closed under B-extensions. These concepts and their properties have been
studied by Giesl and Kapur [GKO01], and also by Meseguer [Mes17]. Then the equivalence of
R/E-rewriting and R°, B-rewriting, for rewrite theories closed under B-extensions, is proved.
This equivalence is crucial for the weak completeness of the narrowing calculus, shown in the
following section.

Consider a rewrite theory R with only one sort s, and whose only rule is f(a,b) — ¢, where f
is associative and commutative (Ey = ). The term f(f(a,a),b) is a normal form in —% 5, but
f(f(a,a),b) %}%/E f(a,c), because f(f(a,a),b) =g f(a, f(a,b)), so the relations are different.
This problem would not happen if R had another rule f(zs, f(a,b)) — f(zs,c) that could
be applied on top of the term f(f(a,a),b) with matching x5 — a, modulo associativity and
commutativity, leading to f(f(a,a),b) —>}{, g f(a,c). Rewrite theories that include these rules,
avoiding such problems, are called closed under B-extensions.

Definition 20 (Closure under B-extensions). Let R = (X, Ey U B, R) be a rewrite the-
ory, and let I — r if C be a rule in R. Assume, without loss of generality, that vars(B) N
vars(l — v if C) = (. If this is not the case, only the variables of B will be renamed; the vari-
ables of | — r if C will never be renamed. We define the set of B-extensions as the set:
Extg(l —rif C)={u[l], = u[r], if C|u=v € BUB ' Ap € Posx(u)—{e} ACSUg(l,u,) #
where, by definition, B~! = {v =u | u=v € B}.

Given two rules | — r if C and ' — v’ if C with the same condition C, | — r if C B-
subsumes I’ — ' if C iff there is a substitution o such that: (i) dom(c) Nwars(C) = 0, (i)
I'=p lo, and (iii) v’ =p ro.

We say that R = (X, E U A, R) is closed under B-extensions iff for any rule | — r if C in
R, each rule ! — r' if C in Extg(l — r if C) is subsumed by some rule in R.

Corollary 2 in [Mes17] (see Appendix A) can be applied in a straightforward way to =% 5,
yielding the following lemma.

Lemma 3 (Independence of R, B-rewriting modulo B for rewrite theories closed un-
der B-extensions).

Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (Xo, Eo). If R is closed
under B-extensions then _>}%,B is strictly coherent, i.e., for all t1,ts,t3 if t1 —>}%73 to andt; =p t3
then there exists t4 such that ts3 %}%73 ty and to =p ty4 (see Fig. 2).

1
t1—— =t
1 el

B B

1
t >
3 rp'

Fig. 2. strict coherence of —>}3,B
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Ezample 9. In the cooking example, both R and R° are closed under B-extensions because the
subterms of the equations in B have sorts toast, tray, or pan, and no head of any rule in R or
R° has any of these sorts.

Theorem 1 (Equivalence of R/E and R°, B-rewriting for rewrite theories closed un-
der B-extensions).

Let R = (X,Ey U B,R) be a rewrite theory with built-in subtheory (Xo, Ep), and R° =
(X, EqUB, R°) its normal rewrite theory. If R° is closed under B-extensions then _>}?°,B:_>}%/E
and %RO,B:HR/E'

Corollary 1. Let R = (X, Eyg U B, R) be a rewrite theory with built-in subtheory (Xo, Ey), and
R° its normal rewrite theory. If R° is closed under B-extensions then any substitution is R/E-
normalized iff it is R°, B-normalized.

5 Reachability by conditional narrowing modulo SMT and axioms

In this section, the narrowing calculus for reachability is introduced, its soundness and weak
completeness are proved, and completeness for topmost rewrite theories is also proved.

5.1 Narrowing, reachability goals and calculus

Some definitions and the calculus for reachability by conditional narrowing modulo SMT and
axioms are presented now.

Narrowing is like R°, B-rewriting, where unification is used instead of matching, allowing the
inspection of a set of initial states, namely the ground instances of the given symbolic initial state,
which can have variables both in its SMT and non-SMT subterms, in contrast with [RMM17]
whose initial states can only have variables in its SMT subterms.

Definition 21 (Narrowing). Given a rewrite theory R = (X, EgUB, R) with built-in subtheory
(X0, Eo) and normal rewrite theory R° = (X, EgUB, R°), a reachability problem P = \!'_; t; —
v |, and arule c® =1 — 71 if /\;n':1 l; = rj | ¢ in R°, properly renamed so vars(c®)Nvars(P) =
0, if there exists a term t;, 1 < i < m (say 1 for simplicity), a non-variable position p in Posx(t1),
and a substitution o such that ti|,0 =g lo, ljo —ge g 10, for 1 < j < m, and (Y A ¢)o is
satisfiable, then we write P ~+1 p co o (t1[r]p — v1 A Ni—gti = vi)o | (¥ A @)o and say that there
is a narrowing step from P to (t1]r], — v1 A N\j_gti = vi)o | (Y A ¢)o.

In the expression P ~>1 p c0 , P’ it is admitted to omit any part of the subindex when it is
not relevant to the matter discussed.

Consider a reachability problem P = A!_,t; — v; | ¢. For simplicity of the explanation,
let n = 1. A way to solve this problem using narrowing is to find a series of narrowing steps
t1 = v | Y~y oo e, B = 0101 0m—1 | ¢ and then find a substitution o, such that
t'om =g v101 -0y and Ey E ¢o,,. It is immediate to show, using induction over the number
of narrowing steps, that ¢ = o1 - - - 0, is a solution for P.

In Definition 21, in order to perform a narrowing step from the term ¢; in P with rule ¢°
it is required that ti|,0 =p lo, ljo —Ro p rjo, for 1 < j < m, and Ey F (¢ A ¢)o. This is
not a trivial task. A method to achieve this task is to consider a position p in Posx(t1), and
a B-unifier pg in CSUg(t1], = ). Then l;p0 — rjpo, for 1 < j < m, is a set of reachability
problems. Each problem l;pg---pj—1 — rjpo---pj—1, for 1 < j < m, is solved recursively by
narrowing, yielding the next substitution p; as solution. We take o = pg--- pm. If (¥ A @)o is
satisfiable, then P ~»1 ;, co » (t1[r]p = v1 A Nig ts = vi)o | (Y A @)o.
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The method sketched in the previous paragraphs is the one used in the calculus for reachability
by conditional narrowing modulo SMT and azioms, whose calculus rules are shown in Figure 3.
This calculus handles an extension of reachability problems, called reachability goals.

Definition 22 (Reachability goal). Given a rewrite theory R = (X, Ey U B, R) with built-in
subtheory (X, Eo), a reachability goal G is an expression with the form

1N ui = v | ¢, or
2. up —! Ik’aUZ[xk]p — Ua A\ /\?:3 Ui — V; | o,

where n > 0, u;,v; € Hx(X), for 1 <i<n, ¢ € QF(Xy), p € Pos(uz), k = [Is(u1)], the kind
of the least sort of w1, and xy appears exactly twice in G in case (2). We say that xy, is the
connecting variable of the goal.

Reachability problems are reachability goals with the first form; reachability goals with the
second form are generated by the calculus rules; this second form prevents the repeated applica-
tion of rule transitivity in a derivation, forcing the calculus of a narrowing step in the first subgoal
of the reachability problem.

The notations P ~+,y P, P~ , P, or P~ 0, P, will be used in the calculus to
indicate that rule [r] of the calculus has been applied (with substitution o, if needed, and using
rule ¢® from R° in the case that [r] is the rewrite rule) to P, yielding P’.

We extend the definition of solution of a reachability problem in — /g and — go p to reach-
ability goals with the second form.

Definition 23 (Solution of a reachability goal in —/g). Given a reachability goal G =
up =z, usfzl, = va A Nf_sui = vi | @, a substitution o : vars(G) — Tx is a solution of G
in =g/ if w10 —>}%/E T0, U2[Tr|p0 —R/E V20, Ui0 =g/ Vo, for 3<i < n, and Ey F ¢o.

Definition 24 (Solution of a reachability goal in —go ). Given a reachability goal G =
up =z, us(zl, = va A Nf_sui = vi | @, a substitution o : vars(G) — Tx is a solution of G
in —po g if uio —>}QO7B TpO, U2|[Tk]|pO — Ro.B V20, W0 —>Ro B V;0, for 3 <1i<n, and Ey F ¢o.

We call nil | ¢, where ¢ is satisfiable, an empty goal. Given a rewrite theory R = (X, E, R)
with built-in subtheory (Xo, Ey), whose normal rewrite theory R° = (X, Ey U B, R°) is closed
under B-extensions, a reachability problem P in — g/ g is solved by applying the calculus rules in
Figure 3, starting with P and in a top-down manner, until an empty goal is obtained, generating
a narrowing path.

Definition 25 (Computed answer). Given a rewrite theory R = (X, E, R) with built-in sub-
theory (X0, Eo), and a reachability goal G, if there is a narrowing path G ~>,, G1 ~g, =+ ~4, _,
Gn_1 ~q, nil | 1, using the calculus rules in Figure 3, hence v is satisfiable, then we write
G ~% il |, with o = 01 -+ -0y, and we call 0,qr5(q) | ¥ a computed answer for G. As the uni-
fiers 0;, 1 <@ < n, returned by CSUp are idempotent and away from all the variables that have
previously appeared in the computation, so mn(ai)ﬁU;;ll ran(o;) =0, then o is also idempotent.

Rules unification and rewrite allow for simplifications in the reachability formulas obtained,
ie., (¢ A ¢°)0 can be replaced with another formula ¢ under the assumptions stated in both
rules. For instance X —Y + 27 > 0A X =Y can be replaced with Z > 0. It is always possible to
obtain the same computed answer without using simplifications.

Proposition 9 (Canonical path). Given a rewrite theory R = (X, E, R) with built-in subthe-
ory (X9, Ey), and a narrowing path from a reachability goal G, G = Ag | o ~o, A1 | 1 ~0,
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[u] unification
u—v AN A|d
A0 |
where abstract s, (v) = (AT.0°;0°;¢°), 0 in CSUp(u = v°),
vars(¥) C vars((¢p A ¢°)0), Eo -1 < (6 A ¢°)0, and ¢ is satisfiable

[t] transitivity
u—=v (ANA) | @
u—tag, = v (ANA) | @

where u ¢ X, k = [ls(u)], and xy fresh variable

[c] congruence
ulp =z, ulzl, > v (ANA) | @
ui =y ulywlps = v (NA) [ ¢

where ul|p = f(u1,...,un), u; & X U Tx,(Xo),
k" = [Is(u;)], 1 <i < n, and yy fresh variable

[r] rewrite
ulp = g, ulzgl, > v (ANA) | @
(CAulr], = v (ANA)O | ¥

where u|, ¢ X, 1° = rif C | ¢° fresh rule in R°, 0 in CSUp(ulp, =1°),
vars(¥) C vars((¢p A ¢°)0), Eo -1 < (6 A ¢°)0, and ¢ is satisfiable

Fig. 3. Inference rules for reachability by conditional narrowing modulo SMT and axioms.

15
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A1 | Ym—1 e, il | Y, there exists another narrowing path G = Ag | Yo ~5, A1 |
X1 oy =  Ame1 | Xm—1 ~0,, Nil | Xm, where the same inference rule is applied at each step in
both paths, there is no simplification of the reachability formula when rule unification or rewrite
is applied on the second path, and Eg & 1; & x;, for 1 <i<m.

The aim of this work is to solve reachability problems; it must be born in mind that a
reachability goal with the second form comes from a reachability problem. Now it is proved that
the calculus rules are a sound method for solving reachability goals in —go p. A distinction is
made depending on the form of the reachability goal. For goals of the second form it is necessary
to be very careful with the connecting variable of the goal, since this variable does not appear
in the original reachability problem.

5.2 Soundness and weak completeness of the calculus

Soundness and weak completeness, i.e., completeness with respect to R/FE-normalized solutions,
in — /g of the calculus for reachability problems are now proved.

Theorem 2 (Soundness in — o p of the Calculus for Reachability Goals). Given a
rewrite theory R = (X, Eg U B, R) with built-in subtheory (X, Ey), where E = Ey U B, and a
narrowing path from a reachability goal G, G = Ay | 1 ~o, Ao | o ~opy - - Ay | U ~0,, nil |
Y, let o =01 0m, then:

1oif Ay = N_ju; — v and p: X — Tx is a substitution such that dom(p) = vars(Go) and
Yp is satisfiable then (0p)yars(c) 5 a solution for G in — go g, and
2. if Ay =l =t zyuizl, = vi ANy u = v | 1 and p: X\ {z} — Tx is a substitution
such that dom(p) = vars(Go) \ {z} and vp is satisfiable then
(a) (00)vars(G)\{z} 5 a solution for Ai_jui = vi | Y1 in —go g and
(b) there exists a substitution p, : {x} — Tx such that (o(pU pz))vars(c) 8 a solution for G
1M —Ro B.

Proof. By structural induction over the length of the narrowing path and the first inference rule
applied.

The soundness of the calculus rules with respect to the solutions of reachability problems in
—r/E, for rewrite theories closed under B-extensions, is now a consequence of the soundness
of the calculus rules in —go p and the fact that reachability problems are a special case of
reachability goals.

Theorem 3 (Soundness in — /5 of the Calculus for Reachability Problems). Given a
rewrite theory R = (X, Eqg U B, R) with built-in subtheory (Xo, Ey), where E = Eq U B, whose
normal rewrite theory R° = (X, Ey U B, R°) is closed under B-extensions, and a narrowing path
from a reachability problem G, G = \;_ | u; — v; | Y1 ~% nil |, if p: X — Ty is a substitution
such that dom(p) = vars(Go) and 1pp is satisfiable then (p)yars(c) 8 a solution for G in =g /.

Proof. By Theorem 2 (1), (6p)yars(c) is a solution for G in —go . As R° is closed under B-
extensions, then, by Theorem 1, (0p)yars() is also a solution for G in =g/ p.

Finally, it is proved that any R/FE-normalized solution of a reachability problem P is a
satisfiable instance of a computed answer for P.
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Theorem 4 (Weak Completeness in — /g of the Calculus for Reachability Prob-
lems). Given a rewrite theory R = (X, Ey U B, R) with built-in subtheory (Xo, Ey), where
E = Ey U B, whose normal rewrite theory R° = (X, Fo U B, R°) is closed under B-extensions,
and a reachability problem P = N\!'_, u; — v; | ¢, if o is an idempotent R/ E-normalized solution
for P in — g, p then there exist a formula ¢ € QF(Xy), and substitutions v and 0, such that
P ~2 il [, 0 = (70)vars(p), and 14 is satisfiable.

Proof. By Theorem 1, u;0 — o p v;0, for 1 < i < n. The proof is by induction over the number
of R°, B-rewrite steps. No simplification is applied to the reachability formulas that appear in
the generated path.

(i) Base case: zero rewrite steps. The proof is by induction over n, the size of the conjunction.

— Basecase, n =1: P =wuj = v1 | ¢, u10 =g v10, and Ey F ¢o. By Proposition 8, there exists
a term w such that u10 =p w =g, vi0. As o is idempotent then also w10 =p wo =g, v10.
Let abstracts, (v1) = (A\Z.v7;0°;¢°), with & = {x1,...,2,}, and let top s, (v7) = {q1,---,qn}-
Let 0° = cUUJ;_,{z; — w|q,0}. By Proposition 5, topy, (vio) = topy, (v1). Then, by Propo-
sition 4, wo = vio[w|q,0lg « - [W]g,0lg,., Where w|y,0 =g, vi|g0, for 1 < i < n. Let ¢° =
o Ui {zi = wlg,0}. Then v70° = (vi[21g, -+ [¥n]q,)0° = vio[wlg,0lg, - [wlg,0lq, =
wo =g uioc = ui0°, because vars(P) Nz = () implies v10° = vio and u;oc = ui0°. As
u10° =p v{o°, there exist substitutions v; and d; such that v € CSUg(u; = v{) and
0° = 101,80 0 = (Vlél)vars(Py
vars(¢p) Nz = () implies ¢po° = ¢o so Fy E ¢o°, because Ey F ¢o. Also, as ¢°c° =
Ni_i(w|g,0 = vi]g,0) because vars(v) Nz = 0, Ey F ¢°0°, so Ey E (¢ A ¢°)o°. Let
¥ = (¢ A ¢°)y1. Then, as 0° = 101, ¢ and ¢ are satisfiable.

As v € CSUp(u = v°) and v is satisfiable then u; — v1 [ @ ~(y),, nil | ).

— Induction case, n > 1: P = A u; = v; | ¢, and u;0 =g v;0, for 1 < i < n. Using the
same proof of the base case u1 — v1 ANyt = 5 | ¢ ~[u) 4y Aieo uirr = vin1 | (9N 0°)1
and 0° = v101. Let G' = /\?:2 wiy1 = viy1 | dy1 A ¢°v1. Then 67 is a solution of G’ because
0° = v101, Eg E (¢ A ¢°)o°, and u;0° = w0 =g vio = v;0°, for 2 < i < n. By induction
hypothesis, there exist a formula i) € QF(Xy), and substitutions 2 and § such that G’ 2,
nil | 9, 61 = (720)vars(ar), and ¥4 is satisfiable. Let v = y172. Then P~y o, G’ ~%, nil | 9,

ie., P Wf; nil | 1, and (Wé)vars(P) = (71726)uars(P) = (Vlél)vars(P) = (Uo)vars(P) = 0.

(7) Induction case: at least there is one rewrite step. If there are not rewrite steps in w10 —pge p
v1o then reorder the reachability problem in a way that there is one rewrite step in the first
subproblem. Let A = /\Z.L:2 u; = v;. Then P=wu; - v AA| ¢, uyo —>}20,B W —pepwW=pg V10,
Ey E ¢o, and u;0 — o p vio, for 2 < i < n. As ¢ is idempotent then also u;o —>}QO,B w0 —pgop
WO =g V10.

UL o %}%073 u'c with arule ¢® =1° — r if /\;n=1 l; = r; A ¢° in R° with some substitution ¢
at a position p in Pos(ui0), because uio|, =p 1°9, Ey F ¢°0, ' = u10(réd],, and ;6 —ge g 1},
for 1 < j < m. p € Posx(uj) because otherwise there exists some integer k, 1 < k < m, such
that either uq|, = yi or the rewriting takes place at some position in a subterm of the form yo.
In both cases o would be neither R°, B-normalized, nor R/FE-normalized.

Then uq|p0 = ui0|, =p [°6 and there exist idempotent substitutions o and 8 such that
a € CSUp(uilp, =1°) and 0 Ud = af, so (¢ A ¢°)a is satisfiable. Then u; — vi A R | ¢ ~y
u = v > I AA| P WFC] ulpy = Yo, wilyelp > 1 AA | @ e a /\;.n:llja —
ria Aur[rlpoe = via A Aa | (¢ A ¢°)a.

As 0 Ud = af then:

1. ljaﬁ = ZJ5 —R°,B Tj(s = rjaﬁ, for 1 < i<m,
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2. wjoff = uid = e g v;0 = v;af, for 2 <i <n,
3. ui[r]paf = wiaBrapl, = uio[rél, —ge p vic =viaf, and
4. (pNP°)ap = (N ¢°)d and Eg F (¢ A ¢°)d implies Eg E (¢ A ¢°)af.

Then Byqrs(cr) is a solution of the reachability problem G’ = A Lo — o0 A ug[r]por —
via A Aa | (¢ A ¢°)a that takes one less rewrite step than those taken to prove Po so, by
induction hypothesis, there exist a formula ¥ € QF(Xp), and substitutions o’ and ¢” such that
G' ~7, nil |, Yo" is satisfiable, and Byarsary = ('0")vars(ary, 80 P ~o G 7%, nil | 9, ie.,
P~* il | . Let y=ad’ and § = 6" U{y — yB | y € dom(B) \ vars(G’)}.

For all variables x in vars(P) and all variables y in vars(za):

— if y € wars(G’) then ya'd = y('0") yars(ary = Y(B)vars(cy = yB, and
— if y ¢ vars(G') then yo/ = y. As y € vars(za) implies y € dom(3), then y € dom(B) \
vars(G'), so ya'd = yd = yp.

Then 70 = zaa/d = zaf = x0, 50 0 = (Y0)yars(p)- Also vars(y) N (dom(B) \ vars(G")) = 0,
because vars(y) may only have variables in vars(G’) together with new fresh variables not in
vars(P), hence also not in dom(f3), so ¥d = 1§’ and d is satisfiable.

5.3 Completeness in — g, g of the calculus, for topmost rewrite theories

In the proof of weak completeness of the calculus for reachability, the only place where the
hypothesis of o being R/E-normalized is used is in the induction case, (i7), where it limits the
positions where rewriting can happen at some proper subterm of u;0, an instance of the first
term in the reachability problem P (uq). It is immediate then to prove the completeness of the
calculus for topmost rewrite theories, those rewrite theories R = (X, E, R) such that for some top
sort state, no operator in X has state as argument sort and each rule I — r if A, l; = ;| ¢
in R satisfies I,7 € Tx(X)state and l;,r; € T (X)state, for 1 < i < n, since rewriting always
happens at position € of u;0, so the hypothesis of o being R/E-normalized is not needed for this
type of rewrite theories in the proof of completeness.

6 Example

An application of the calculus using the running example is shown. All the subindices for variables
with sort integer are omitted for readability. Recall the rest of subindices: p — pan, rt — realToast,
t — toast,k — kitchen,r — tray, s — system. Consider the reachability goal G = n;/zt/0;ztzt/0 —
m/xe/t;yp/1 | n1 > 0Any <3 At <12, where from an initial system consisting of a bag con-
taining one or two realToasts, an empty tray, an empty kitchen (with zero seconds of elapsed
time), and no well-cooked realToasts, it is desired to reach a system with one well-cooked
realToast in less than twelve seconds. Let F' = m/x./t;y,/1, o1 =n1 > 0An; < 3At < 12, and
2 =mng > 0Ang < 3At < 12. Then abstracts, (F) = (Aok.F°;6°;¢°), with F° = m/x. /t;y,/ ok
and ¢° = (ok = 1). The labels of the rules used in each rewrite step are those in Example 4,
with rule r7° instead of rule r7. Narrowing steps involving rules [¢] or [¢] have been joined in
multiple narrowing steps, for instance ”"rt],[c],[r , after their first occurrences. The interaction be-
tween unification, SMT operations, and satisﬁatility is explained using the number of well-cooked
realToasts, 0+ 1, in step 15:

1. n1/zt/0;zt 2t /0 — F' | 1~y
2. m1/zt/0;zt 28/0 =" 21, 2l = F | 1~ [(1)r2,00={n1 2}
3. n2 —1/[0,0]/0;2t 2t /0 = F | g2~y
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na —1/[0,0]/0;zt zt /0 =" 22(), 220 = F | 2 ~> (103

n2 —1/zt/0;[0,0] 2zt /0 — F | ¢2 ~y

na —1/2t/0;[0,0] 2t /0 =" 231, 23] = F | ¢~

0;[0,0] zt =" y2ug,n2 — 1/2t /Y239 /0 = F | ¢p2 ~(r)sa

n2 — 1/zt/cook(0; [0, 0] zt, 21) /0 = F [ ¢2 A z1 > 0~ (0] (110

n2 —1/zt/z15[21,0] 2t /0 = F' | p2 A 21 > 0 A 21 <5~y 10 (15

10. n2 —1/2t/21;[0,21] 2t /0 — F | g2 A z1 > 0 A 21 <5~ [y (). [r]ra

11. n2 — 1/zt/cook(z21; [0, 21] 2t,22) /0 = F' | 2 A 21 > 0 A 21 <5~y (0 (110

12. ng — 1/zt/21 + 225 [22,21] 28 /0 = F [ 2 A 21 > 0N 21 <5 A 22 > 0N 22 <5y

13. ng — 1/zt /21 + 225 [22, 21] 2t /O = @dpg, ) = F |2 A 21 > 0A 21 <5A 22 > 0A 22 <5 om0
14. cook(z1 + 2252t zt,1) = y3pg Anz — 1/2t /Y3y /0+ 1 = F [ d2 A 21 =5 A 22 =5~y (o], (1]r1c
15. ng —1/zt/14+ 21+ 22;2t 2t /0+1 = F | Ana>0Ana <3At<12Az; =5A22 =5 [, ro,68
16. nil [n2 >0An2 <3A21=5A22=5

© 0 N> o

1015

The last narrowing step, the unification of ny — 1/zt/1 + 21 + z9;zt zt/0 + 1 with F°, i.e.,
m/xx/t;yp/ ok, is explained in detail. The unifier, indeed a matching, is 015 = {m — no—1, 2, —
zt,t — 1+ 21 +22,9p — 2t zt, 0k — 0+ 1}. As there is a substitution oo = {n; — na} in step 2,
then Ovars(G) = (0'1 e 0—15)11a7"s(G) = {Tll — No, Ty — zt, t— 1429 +22,yp — ztzt, ok +— 0+1},
where ok does not map to 1, but to 0 + 1.

The new condition, including ¢° = (ok = 1), becomes ny > 0Ang < 3A1+21+20 < 12A2; =
5Nz =5A0+1=1, which simplifies to no >0An, <3Azy =5A 29 =5.

The computed answer for the reachability goal shows two different solutions, one with ny =1
and another one with ny = 2. Ast =1+ 21 + 23, 21 = 5, and z5 = 5, then from a bag with one
or two realToasts, it is possible to reach a system with one well-cooked realToast in 1+5+5,
i.e. 11, seconds, hence fulfilling all the requirements of the problem. The actions that lead to this
answer correspond to one application of rule unification ([u]), that has already been explained,
and with each application of rule rewrite ([r]):

- in step (2) a realToast is taken from the bag and put in the tray,

- in step (4) the realToast passes from the tray to the kitchen,

- in steps (7) and (8) one side of the realToast cooks for some time z; that is added to the
timer,

- in step (9) the realToast is flipped,

- in steps (10) and (11) the other side of the realToast cooks for some time zo that is added
to the timer,

- in steps (13) and (14) the realToast becomes a well-cooked realToast, forcing 2 = z9 = 5,
and taken out to the dish; one second is added to the timer.

7 Related work, conclusions and future work

A classic reference in equational conditional narrowing modulo is the work of Bockmayr [Boc93].
The topic is addressed here for Church-Rosser equational conditional term rewriting systems
with empty axioms, but non terminating axioms, like ACU, supported in the current work are
not allowed. The intimate relationship between rewriting and reachability problems was shown
by Hullot [Hul80], where he proved that any normalized solution to a reachability problem could
be lifted to a narrowing derivation that computed a more general solution.
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Narrowing modulo order-sorted equational logics is covered by Meseguer and Thati [MT07],
being currently used for cryptographic protocol analysis, but neither conditions are allowed in
the rules of the rewrite theories nor constraint solvers are considered in this work.

The idea of constraint solving by narrowing in combined algebraic domains was presented by
H. Kirchner and Ringeissen [KR94], where the supported theories had unconstrained equalities
and the rewrite rules had constraints from an algebraic built-in structure, but no reachability
subgoals.

Escobar, Sasse, and Meseguer [ESM12] have developed the concepts of variant and folding
variant narrowing, a narrowing strategy for order-sorted unconditional rewrite theories that
terminates on those theories having the finite variant property, but it has no counterpart for
conditional rewrite theories and it does not allow the use of constraint solvers.

Foundations for order-sorted conditional rewriting have been published by Meseguer [Mes17].
Cholewa, Escobar, and Meseguer [CEM15] have defined a new hierarchical method, called layered
constraint narrowing, to solve narrowing problems in order-sorted conditional equational theories,
an approach similar to ours, and given new theoretical results on that matter, including the
definition of constrained variants for order-sorted conditional rewrite theories, but with no specific
support for SMT solvers.

In previous work [AMPP14, AMPP15], the relationship between verifiable and computable
answers for reachability problems in rewrite theories with an underlying membership equational
logic has been studied, presenting two correct and weakly complete narrowing calculi, the second
being a refinement of the first one. In this second calculus only normalized terms, in a similar
way to the reduction phase of Fribourg in the language SLOG [Fri85]|, were considered in order
to find an answer to a reachability problem.

Order-sorted conditional rewriting with constraint solvers has been addressed by Rocha et
al. [RMM17], where the only admitted conditions in the rules are quantifier-free SMT formulas.
Also the only non-ground terms admitted in the reachability problems in this work are those
whose variables have sorts belonging to the SMT sorts supported.

This work extends the admitted conditions in [RMM17] by allowing reachability subgoals in
the rewrite rules and also all reachability goals, without restrictions regarding the variables in
them, and making use of narrowing instead of rewriting as the method to solve the reachability
problems. A narrowing calculus for conditional narrowing modulo Ey U B when Ej is a subset of
the theories handled by SMT solvers, B are the axioms not related to the algebraic data types
handled by the SMT solvers, and the conditions in the rules in R are either rewrite conditions or
quantifier-free SMT formulas, with no restrictions regarding the variables that appear in these
rules, has been presented. The soundness and weak completeness of the calculus, as well as
the completeness of the calculus for topmost rewrite theories have been proved. To the best
of our knowledge, a similar calculus did not previously exist in the literature. The rewriting
language Maude [CDE* 07|, which allows the use of reflection and SMT solvers, is being used as
a framework to develop the prototype for the calculus.

During the development of the running example for this work it became clear that the for-
mulation of a reachability problem where the time taken to fulfill the actions was a parameter
of the problem, instead of a constant fixed in advance, was not easy. To solve this problem, the
immediate work will consist of the extension of this narrowing calculus to support parameterized
SMT constants in the rewrite rules, modifying the SMT algebraic data types. On future work,
the development of a narrowing calculus for EoU(FE; U B) unification, where Fq U B is a non-SMT
equational theory, and, on a later step, the development of a narrowing calculus that can deal
with R/(Eo U Eq U B) reachability problems will be addressed.
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A Appendix

This appendix holds the formulation of Corollary 2 in [Mes17], related to Lemma 3.

Let R = (X, B, R) be a conditional order-sorted rewrite theory, where B satisfies the
assumptions stated at the beginning of Section 4 and is closed under B-extensions. Then,
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for each instance of Replacement of the form

119 —R,B Tlelne —R,B ’I"ne
l%}%ﬁr

and each B-equality proof | =g I’ there is another instance of Replacement of the form

119’ —R,B 7“1(9/ s lnﬁ’ —R,B ’I“nel
/ 1 /
UV'—=gppr

with r =g 7’ and 26 = z6’ for each z in vars({l; = r;}1,)

B Appendix

This appendix holds the rest of the proofs of this work.

Proposition 2. Let R = (X, E, R) be a rewrite theory with built-in subtheory (X, Ey), and
t be a term in Hx(X), with abstracty, (t) = (AZ.t°;60°;¢°). For any substitution o such that
FEy E ¢°0, it follows that t°c =g to.

Proof. By definition 0° = {x} > t1,...,28 — t,}, ¢° = N\ 2k, = ti, t = t[ta]p, - [tn]p,s

and t° = t[z} ], - [20 ]p.. Also, as Ey F ¢°0 then 2l 0 =g, tio, for 1 < i < n, so t°c =
(t[xllil}pl T [wﬁn]pn)a = ta[xflilg]pl T [mﬁnU}pn =Eo ta[tla]m T [tng}pn = (t[tl]pl T [tn}pn)g =
to.

As the theory inclusion is protecting then also t°0 = to.

Proposition 3. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ey) and
R° = (¥, EyU B, R°) be its normal rewrite theory. Then _>}E,B§_>}2°,B-

Proof. Let t be a term in Hy, and ¢ =1 — 7 if A\._,l; = r; | ¢ be arule in R such that ¢ —>}%’B
t[ro], using rule c at position p with substitution o, so t|, = lo, ljoc =g p rio, for 1 < i < mn,
and Ey E ¢o. R® has arule ¢® =1° = r if N\, l; = r; | ¢ A ¢°, where dom(6°) N vars(c) =0,
1 =1°0°, and ¢°0° = A\J_, (2;0° = x;6°).

The proof uses induction in the total number of %}%7 p rewrite steps in the proof tree.

1. t|, =lo =1°0°0. As dom(6°) Nwars(c) =0, then 1,0° =; and 7,6° =r;, for 1 <i <mn,

2. — Zero rewrite steps:
for 1 <i < n, l;0 =g, p 10 in zero rewrite steps, so [;0c =g r;0. Then [;6°0 = [0 =§
rio =10°0, ie., [;0°0 = o p 1;0°0.

— Several rewrite steps:

if l;c =g, B ;0 in zero rewrite steps then [;6°c — o p 7;60°0, as proved in the previous
subcase, else 1;0°0 = lic =k g t1 =k p -~ =Ry tn =5 750 = 736°0. Then, by LH,,
liﬂ"a —)}QO)B t1 _)}%0~B s _>}%0)B tn =E ’I“Z'GOO', i.e., lzﬂoa —R°,B 7’1'000'.

3. ¢0° = o, because'dom(ﬁlo) Nwars(c) = 0. As Ey F ¢o then Ey F ¢6°0, and

4. ¢70°0 = N2y (x]070 = x6°0) = N\jZ,(2]0°0 = x]6°0), for 0 < i < m, so trivially Ey F

$20°0. As also Fo F ¢0°0 then Eo F (¢ A A" 62)0%0.
Then t —}. p t[r6°c], and, as r0°c = ro because dom(6°) Nwars(c) = 0, also t = po g t[roly,
50 =k pC—ko B

Proposition 4. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ep).
If ¢ and ¢’ are two terms in Hx(X) such that t =g, ¢’ then:
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topEO (t) = topEO (t/)v

Is(t|g) = Is(t'|q) and t|; =g, t'|4 for all positions ¢ in topy, (1),
tly =g, t'|y for all positions ¢’ such that t|, € Hx(X), and
if topyg,(t) ={a1,....qn} then t' =t[t'[g,]q, -~ [t'q,]q.-

L e

Proof. Immediate since either ¢ = ¢’ and all invariants follow trivially, or induction can be used
in combination with Proposition 10 below, since t =g, t' can be seen as a series of one-step
deductions t <3, t1 -+ <> g, tn -+ <> g, t’ for suitable ¢;, 1 <i < n.

Proposition 10 (Invariants of topy, under Ey-deduction). Let R = (X, EoU B, R) be a
rewrite theory with built-in subtheory (Xo, Eg). If t and t' are two terms in Hx(X) such that
t <>p, t' then:

topx, (t) = tops, (1),
Is(tlg) = Is(t'|q) and t|y =g, '| for all positions q in tops, (1),
tly =g, t'|g for all positions q' such that t|y € Hx(X), and

if tOpZ‘o (t) = {q17 R qn} then t' = t[tl|¢h]<h T [tl

™o~

dn } qn -

Proof. Ast € Hx(X) and t|, € Ty, (Xp), there must exist a position p’ in topy, (t) such that
p’ < p, so p=p'.r for suitable r. The first two points are proved simultaneously.

1. and (2) As p’ in topy, (t), then p’ = p".i for suitable position p” and natural number i,

and t|,r € Hx(X), so t' = tlwoly ., = t{woly i If ¢ in topy, (t) and g # p' then neither
g < p/ nor p/ < g, so t|g is unaffected by the Ey-deduction step. Then t|, = t|4, hence
Is(tly) = Is(t'|q) and t|; =g, t'|q, 50 ¢ in top s, (t').
For topy, (t) and topy, (') to be equal it must be proved that p’ € topy, (t'). As (X, Ep) is
many-sorted then [s(vo) = Is(wo), so we are replacing in t|,s the subterm |,/ ,, having the
value vo, with the subterm wo both of them with the same sort, so also t|,» and t|, [wo].
have the same sort in Sp. As t|,r = (t[vo]prir)lpr € Hx(X), and vo and wo have the same
sort then also (t{woly: ir)|p € He(X),s0 p' € topys, (t'). Ast <> g, tlwo], =t and p = p'.r,
then t'|, = t|,[wol, and t|y <> g, t|p [wol, =]y, 50ty =g, ']y

3. If ¢ is a position such that t|; € Hx(X) then:

— p' £ ¢, because as p’ in topy, (t) if p' < ¢ then t|y € Tg,(Ap), in contradiction with
t|q/ S HE(X),

— if ¢ = p' then t|y =t/|y, so t|y =g, t'|, and

— if ¢ < p’ then p’ = ¢’ .7/, for suitable position ', so p = p'.r = ¢'.7'.r. As t/ = t[wo], then
t'|qg = tlg[woly ., and as t|, = t|q .. = vo, then t|y = t|y[vo] r, SOty B, t'|y With
the same equation ¢ and substitution ¢ at position r'.r, and t|y =g, t'|4 -

4. As p' in topy, (t), without loss of generality take p’ = q1, so t'|;, = t[g,, for 2 < j < n.
t = thwoly ., = tlwolg.r = ttlg [wolr]g. As g r = wo then ¢'|g, = t[g,[woly, so ¢’ =
tt'lg g - Ast =t[tlg, ], [lgelgs - - [tlgu ], = tltlgi)ay [t'lgalas - - [']g, lq, and ¢ = t[t'|q,]q,, then
t = (t[t‘qul [t/lqz]qz e [t/|qn]qn)[tl|q1]q1 = t[tl|q1]q1 [t/‘q2]q2 e [t/|qn]qn-

Proposition 5. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ep).
If t is a term in Hx(X), abstracts, (t,)) = (A\Z.t°;0°;¢°), where & = {z1,...,2,} and t° =
tlr1lg, - - [Tnlq,, then (i) tops, (t) = {q1,,qn}, and (i7) for every substitution o : Z — Tx, (Xp) it
holds that topy, (t°0) = topy, ().

Proof. By definition of abstracts,, t°0° = t, vars(t°) N Xy = Z, t° inTx, (X), t
2:0° = t|g,, for 1 <i < n. (i) - tops, (t) = {q1, ..., qn}-

qi in 7-20 (XO)a and
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L. {q17 RS Qn} c tOPEO(t)-

For1 <i<mn,astin Hx(X) and t|4, in Tx,(Xo), then ¢; # €, so ¢; = ¢j.j;, for suitable

position ¢; and integer j;. As t° = t[x1]y, -+ [¥alq, € Tx,(X) and ¢; < g;, then t°|, is a

term in Ty, (X). Now, as 6° : & — Tx,(&p) then ¢°|,/0° is a term in Hx(X). But °[,0° =

t°0°]y = tlyr, s0 tlg in He(X), and ¢; in topy, (t).

2. tops(t) L1, an-

Let p be a position in topy, (t). By definition ¢|, in Ty, (Xo) and t = t[t[,],.

(a) ffor 1 <i<mn,p<qand g £ pthen t° = t{zi]g - [@nlg, = tltlplplrile - [Tnlgn-
As t|, in Tx, (X)) then either ¢° is not a term in Tx, (X) or vars(t®) N Xy # Z, both in
contradiction with ¢° being an abstraction.

(b) If ¢; < p for some 1 < ¢ < n, then p = ¢;.q;.j; for suitable (possibly empty) position ¢}
and integer j;. As z,0° = t|y, € T, (Xo) then t|y, o € Ts,(Xo) so p = gi.q;.ji is not a
position in top s, (t).

) IfQ=Aq|a € {qa, -9} ANp < ¢} is non-empty, so @ = {qi,,...,qi, }, then
qi; = p.q;,, for suitable ¢ # ¢ for 1 < j < m. As t[, in Tx,(Xp) then t°|, =
tlplzilg, - (@i )g,,, is a term in T, (Xo) \ Xo, so ¢° is not a term in Ty, (X).

The only possibility left is p = ¢; for some 1 <i<mn,sop € {q,...,qn}

(i) - If 0 : T — Tx,(AXp) then topy, (t°0) = topy, (t).

L. topy, (t°0) C topy, (t)
For 1 < i < n, 2,0 € Tg,(X). As vars(t°) N Xy = Z and t°|, € Tx,(X)\ A if p €
Pos(t°) \ {q1,.--,qn}, then if ¢ € topy, (t°c) there must exist some 4, with 1 <4 < n, such
that ¢; < ¢. But as t°c|y, = x;0 € Tx,(Ap) then ¢; £ ¢, s0 ¢; = q and q € topy, ().

2. topys, (t) C topy, (t°0)
tops,(t) = {qi}j=,. For 1 < i < n there exists a position ¢; and an integer j; such that
¢ = ¢;.j; also as x;0 € Tx,(Xp) then (t°0)|,, = z0 € Ty, (Xo). Let {qiy,-.-,a:,,} =
{g; | ¢ < ¢,1 < j < n}. Then ¢, = q.p;, for suitable p;, # ¢, for 1 < k < m,
50 tq; = t|q£ [t‘qil]pil "'[t‘qqzm]mm a‘nda as to|q§ = t|q£ [xil]p'il "'[xim]pima then toa|q§ =
tlg (i 0lp;, - (@0, 0lp,,, - Xo is many sorted, o is well-formed, and Is(z;,) = Is(tlg, ) by
definition of abstracts,, so ls(x; 0) = Is(zi,) = ls(t[q,, ), for 1 < k < m. Then Is(t[,;) =
Is(t°clq;), so t°0ly € T, (X) and g; € topy, (t°0).

Lemma 2. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (Xy, Ey) and
R° = (X, Ep U B, R°) its normal rewrite theory. If ¢, u, and v are terms in Hyx, t =g, u, and
u —>}3073 v then there exists a term w in Hx such that ¢ —>}%073 w and w =g, v.

Proof. As u —pe p v, there are rules ¢ = 1 — 7 if N2yl — ri | ¢ in Rand ¢© = 1° —
rif Nieyli = ri | ¢ A¢° in R, a position p in Pos(u), and a substitution o : vars(c®) = Tx
such that u|, = 1°0, l,0 =g g rio, for 1 <i<m, and Ey F (¢ A ¢°)o, 80 v = u[ro],. Also u|, in
H s because [° in Ty, (X) so, by Proposition 4, t|, =g, u|, = [°0. Let w = t[ro],.

ulp = 1°0 has the form lo[x0],, - - - [T,0]q, so, by Proposition 5, topy, (ul,) = topy, (I°0) =
{q1,---,an}. As t|, =g, ul, then, again by Proposition 4, topy, (t[,) = {q1,--- @}, tlp =

U[t|p-q1]q1 "'[tllp-qn]qna and t|P-(Ii =Ey “|p-qw for 1 <i <mn. Let Z = {x1,...,2,} and let o =
Odom(o)\z U Uj:l{xj = t|1”1j}‘
As u|, = 1°0 = lo[z10]q, - [xn0]g,, then it holds that I°¢0" = lo[x10']y, -+ [2n0']q, =

ulpltlp.gilg - [tlp.gnlgn = tlp. Also, as vars(c) Nz = 0, ro’ = ro, lio’ = l0, 0’ = r;o, for
1 <4 <m,and ¢o’ = ¢o, then l;0' =l,0 -p g rioc =r;o’, for 1 <i <m, and Ey F ¢o’.

Ey F ¢°0, where ¢°0 = N_, ((zj0 = l|g;0) = Nj_, (ulp.q,0 = U]g;0). As ¢°0" = \J_, ((zj0" =
Ug0") = Nj=i(tlpg, = Ug0) and tlpq =g, ulpg, for 1 < i < n, then By F ¢°0’, so
EoE (¢ AN ¢°)o’ and t = p t[rol, = w. As t =g, u then t[ro], =g, u[ro],, ie., v =p, w.
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Proposition 6. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ep).
If o, t1, and to are terms in Hx(X) such that ty <> g, t1 <> p t2 then there exists a term ¢} in
HE(X) such that ty <> p t/l <R, t2.

Proof. By Proposition 10, topy, (to) = tops, (t1). The one-step Ep-deduction ty <> g, t1 is per-
formed at some position p of the term to with a Yy-sentence vy = wq if C in Ey U Eal, and
substitution o, so to|, in Tx,. Let ¢ = tops, (to, p). Then p = q.¢/, for suitable ¢', to = to[vooo]e.q’,
and t1 = to [woo'o]q,q/.

The one-step B-deduction t; <>p to uses a regular Xj-equation v = w and a substitution o
at some position r of t1, so t1|, in Hx(X) and t1|, = vo. Let vars(v) N Xy = {x1,...,Zm}. As B
is regular then vars(w) N Xy = vars(v) N Xy. For 0 < i < m, as B is linear, let r; be the position
of the variable z; in v and let s; be the position of the variable z; in w. As v in T, (X), so there
are no function symbols from Xy, then there exists a position r; and a natural number j; such
that r; = r.ji, v, in Xy C Tx,(Xp), and v[,s in Hx(X), so r; in topy, (v).

As all Xy-subterms of ¢1 |, must be matched with the term v through the variables {x1, ..., 2},
then topy, (t1]r) = {r1,...,7m}, and vo|,, = ti|,r, is a topmost Yp-subterm of ¢, that is moved
to position r.s; in to.

There are three cases to consider regarding the relative position of p and r:

1. p £ r because:
(a) if p =r then ¢1], is both a term in 7y, and in Ky, a contradiction, and
(b) if p < r then r = p.p/, for suitable p’ # €, and t;|, is a term in Ty, that has a subterm
in Hx at position p’, in contradiction with (X, Ep) being a subsignature of (X, F).

2. If p £ rand r £ p then both one-step deductions are independent and to = (to[wooo),)[wol, =
(to[wo],)[wooo],- Applying the one-step B-deduction before the one-step Ey-deduction yields

I = tolwal,.

3. If r < p,as p=q.q and topy, (to) = tops, (t1), then t1|, € Tx,, to|r € Tx,, and (X, Eo) is
a subsignature of (X, E), then ¢ < r, so ¢ = r.rq, for some r; € topy, (to|), because ¢ is a
topmost Ejp-position of ¢y and 1, and ty = to[vo0o0]r.r, .- As both one-step deductions take
place below position r, let to|, = t’ for simplicity of notation. Then t' = t'[vyo¢]r,.¢ < E,
t'[wooolr.q = t[t'|r [woo0lg]r, = vo <5 wo = wolt'|, [wooole]s,, where v|,, = x; and
210 = ', [wooolgr, s0 12 = tolwolt'|r, [wooolg s, ]r-

Let 0" = 0 gom(o)\z,U{21 = t'|r, }. As vis linear and 7; < 7.¢' then vo’ = (' [wooo]r.q)[t[r]r =
t'. But ¢ = t'[vgoo]r,.q'5 50 t'[Vo00]r,.q¢ =t = vo' < wo' = wolt'|,]s, = woltolrr,]s,- As
(wolt'[]s)lsi.q = tlri.q then wolt'|y]s, < g, (Wolt'r]s)[woools,.q = wolt']y, [wooo]e]s,-
In conclusion, t' <»p wolt'|,,]s, <> B, wolt'|; [wooo]y]s,. Then, take t) = to[wo[t'|,,]s]r =
tolwolto|r.r s, ]ry 80 to = to[t']; <> 5 tolwolt'|r]s]r = t1 <> g, tolwo[t'],, [wooolg]s Jr = t2.

Proposition 7. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ep).
If {to,...,tnt1} is a set of terms in Hx(X) such that tg <> g, t1 <5, -+ < B, th-1 <*B L, then
there exists a set of terms {¢,...,t/,_;}in Hx(X)such that to <>p t] g, - < B, th_1 < B, tn-

Proof. By induction in n.

— Base case, n = 2. tg <>g, t1 <>p t2, so by Proposition 6 there exists a term ¢} in Hx(X)
such that to <B tll S Eq to.

— Induction case. As t1 g, -+ B, tn—1 B tn, by LH., there exists a set of terms
{té,...,tfn_l} in HE(X) such that t; < p tlg B, VK, t;’L—l By tn, SO0 to < E, t1 B
th <>g, -+ g, t,_1 <*E, tn. By Proposition 6, as ty <>g, t1 <>p th, there exists ¢} in

Hz(.)() such that to < B tll B, t/Q, and to < B tll By T ST E, t%fl < E tn.
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Proposition 8. Let R = (X, E, R) be a rewrite theory with built-in subtheory (Xy, Ey), and
R° = (X, Ey U B, R°) its normal rewrite theory. If ¢ and " are terms in Hx(X) and t =g ¢’
then there exists a term ¢ in Hx(X) such that t =p t' =g, t".

Proof. By induction in the number of applications of axioms in B.

— Base case: zero B-axioms. Then t =g, t/. Take t' =t,s0 ¢t =g t' =g, t".
— Induction case. There are two cases to consider depending on the position of the first <> p
step.
e Ift &pt; g -+ &g t’, by LH., there exists a term ¢’ in Hx(X) such that ¢t; =p
t =Eo t”, sot<pti =g t/ =F, t//, i.e., t=p t =FE, .
o t<—>EO B tj,1 B tj R d IR o 5 . By PI‘OpOSitiOH 7, as t By S7E, tj,1 B
t;, there exists a set {t},...,t;_;} in Hx(X) such that t <5 t] <, -+ <5, ) <8,
t;. Then, by LH.,in ¢} <3, - <3g, t_1 3B, tj - 3B by -~ <> g t”, there exists a term

J
t' in HE(X) such that tll =B t =E, t”, sot<4>p tll =B t =Eo t”, i.e., t=p t =E, t".

Theorem 1. Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (X, Ey),
and R° = (X, Ey U B, R°) its normal rewrite theory. If R° is closed under B-extensions then
%}%O’B:—)}%/E and —R°,B=R/E-

Proof. There is a special case to consider when there are no rewrite steps involved in the deduc-
tions.
(Z) —>}%O’B§—>}%/E and —>Ro7Bg—>R/E.

In the special case, t —+ro g v with no rewrite steps. As —ro p= (—>}‘3073; =p) then t =g v,
so t —g/E v. The other cases are proved using induction in the total number of —>}%073 rewrite
steps in the proof tree.

— Base case:
t H}%o,B w =g v with only one %}30,3 rewrite step in the proof tree, so there are rules
c=l—=rif Njli—=r|¢inRandc®=10°—=rif N2 L —7r|dA¢°in R, aposition
p in Pos(t), and a substitution o such that ¢, =g °0, l;,oc =g 10, for 1 < i < m, and
Eo F (¢ N¢°)o, sow = tlroly. I° has the form l[21]q, - - [zn]g,, and t[p[t]p.q.]qr = [tlp.gula. =

tlp =p I°0 = lo[z10]q, -+ - [Tn0]q, -
As ¢° = N/_j(z; = ll,;) and Ey £ ¢°0 then wj0 =g lol,, for 1 < j < n, so lo =
lollolg g+ 0g.)a, =E lo[z10]g, -+ [2n0]q, =B t]p. As =pC=g, then lo =F t|,.

As t|, =g lo and ;0 = 1,0, for 1 <i < m, then t = t[t|,], =f t[lo], =% t[ro], =w=pv
with rule ¢ in R, that is, ¢ H}%/E 0,80t = p/p V.
— Induction case:
there are two subcases to consider:
1. t = ko p w =g v with several — . p rewrite steps in the derivation. As in the base case,
therearerulesc =1 —rif A\[“ l; =7 |¢inRandc® =1° = rif N2l —r|oNd°
in R°, a position p in Pos(t), and a substitution o such that t|, = (°0, lic —Re p 10,
for 1 <i<m,and Ey F (¢ AN N2y ¢7)0, SO w = t[ro],.
By induction hypothesis l;oc — /g 70, for 1 < i < m. As in the base case, Ey F ¢o
and t|, =g lo, so t = t[t|,], =p t[lo], =5 tro], = w =g v, ie, t =} 5 v and, also,
t H}Q/E w=gv,le,t—>p/Ev.
2.t %}zo,B U %EO,B w =g v. By the previous subcase ¢ %}%/E U %EO,B w =g v, and, by
IH., ¢t —>}{/E u —>E/E w=gv,ie.,t —>E/E w=gv,0rt —pg/pv.



28 Luis Aguirre, Narciso Marti-Oliet, Miguel Palomino, and Isabel Pita

(Zl) %}%/Eg—)}%o’B and —>R/Eg—>Ro’B.

In the special case, t —r, v with no rewrite steps because t =g v. As —go p= (—>*RO’B; =g)
then ¢ —ro p v. The other cases are proved using induction in the number n in the derivation
t=t) —r/pt1- " —Rr/Eln =0.

— Base case: t =g t” —} u =g v. By Proposition 8 there exists a term ¢’ in Hy such that
t =g t' =g, t" =% u =g v so, by Proposition 3, t =g t' =g, t’ %}3073 u =g v. Then,
by Lemma 2, there exists a term u; in Hyx such that ¢t =g ¢/ %}307,3 U] =g, ¥ =g v and,
by Lemma 3, there exists a term w such that ¢/ =g ¢ %}30,3 W =p U] =F, U =E 0, i.e.,
t %}3073 V.

— Induction case: t —>}%/E U —>E/E v. By the previous subcase there exists a term u’ such that
t 2hopt =g u —>;/E v, e, t ko p v —>E/E v. Then, by LH., there exists a term w
such that ¢t —ge gt/ =% p W =p v, 50t —ge B v.

Proposition 9. Given a rewrite theory R = (X, E, R) with built-in subtheory (X, Ey), and
a narrowing path from a reachability goal G, G = Ay | Y9 ~o, A1 | V1 oy - Amo1 |
VYm—1 ~g, il | ¥y, there exists another narrowing path G = Ay | Yo ~o, A1 | X1 ~0,
o Am1 | Xm—1 ~o,, 1l | Xm, where if one rule is applied at step ¢ in one path then the
same rule is applied at step ¢ in the other path, for 1 < ¢ < m, there is no simplification of the
reachability formula when rule unification or rewrite is applied, and Ey b ¢; < x;, for 1 < i < m.

Proof. As the applied rule at each step i only depends on A;_; which is the same on both paths,
as long as v; and x; are satisfiable, all that it has to be proved is Ey F ¥; < x;. Then as 1; is
satisfiable so is x;.

Let Xo = ’lﬁo, so Ey F ¢0 < Xo- Then Ey F ¢Z‘_1 < Xi—1 implies Ey - 1/)i < Xi, for
1 < i < m. The proof for rules transitivity and congruence is trivial, since v¥; = ¥;_1, X;s = Xi—1,
and Ey - 9;_1 < xi—1, and it is also trivial for rules unification and rewrite since x; = (xi—1A¢°)0;
and Eo F¥; < (xi—1 A ¢°)o;. As Eg 19 < xo then Eg - ¢; < x;, for 1 <i < m.

Theorem 2. Given a rewrite theory R = (X, Ep U B, R) with built-in subtheory (Xy, Ey),
where F = Fy U B, and a narrowing path from a reachability goal G, G = A; | 1 ~4, Ao |
o ~gy o Ay | m e, nil |1, let 0 =07 -+ 0y, then:

1. if Ay = A u; = v; and p: X — Ty is a substitution such that dom(p) = vars(Go) and
p is satisfiable then (0p)yq4rs() is @ solution for G in —go g, and
2. if Ay = wl, = 2ywnfx], = vi AN ui — v | Y1 and p: X\ {2} — Ty is a substitution
such that dom(p) = vars(Go) \ {«} and 1p is satisfiable then
(a) (0p)vars(c)\{z} 18 a solution for Al u; = v | 1 in — e p and
(b) there exists a substitution p, : {x} — Ty such that (¢(pU pz))vaers(c) is a solution for G
Il —Ro B

Proof. By structural induction over the length of the narrowing path and the first inference rule
applied.

(7) Base case
G = u — v | Y1 ~pe nil | ¥, where abstracts, (vi) = (AT.v7;0°¢°), vars(y) C

vars((Y1 A 6°)0), Bo b & (1 A¢°)a, & = {a1,... 21}, v§ = vilwrlg, - [wilg, ¢° = Niey 27 =
V1lg;, 0 in CSUp(uq = v%), so uio =p v{o, and ¥ is satisfiable. As p is a substitution such that
dom(p) = vars(Go) and vp is satisfiable, so (11 A ¢°)op is also satisfiable, then 10p € Tx,, so

Ey E yop, and ¢°cp = /\i:1 x;0p = vi|q,0p is satisfiable, where v1|q,0p € Tx, for 1 <i <1, so
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there exists a substitution p’ : U2:1 vars(x;op) = Tx such that x,0pp’ =g, v;
for 1 <i <. Let v=o0opp'.

As ujop and viop in Ty, the theory inclusion (X, Ey) C (X, E) is protecting, and uiop =p
viop, then uiop = ury =p 07y = v1y[21Ylg -+ [21Y]q, = vioplr1Tle, -+ [Vl =k
v10p1|q 0Pl -+ - [V1]q0plq, = v1i0p, S0 U10p =F viop, and uiop — go g v1op. Also as vars({ui, v, Y1})
is a subset of vars(G) then u1(0p)yars(c) —re,B V1(0P)vars(c) and Eo F 1(0p) pars(c)-

(—
qiapp =1 qio-pa

(#4) Induction case
G = /\Z.L:lui — U; | 1,[)1 or G = ul\p 4)1 I,Ul[l‘]p — v1 A /\?:21% — U; | 1,[}1. Let A =
A/ u; — v;. There is one case for each inference rule.

1. Rule transitivity: G = u; — v1 A A | Y1~ w =Lz = vy ANA | oy w3 nil |,
SO Oyars(c) | ¥ is a computed answer for G. Let G1 = wu =l zx — vy ANA | Y1 As
dom(p) = vars(G1o) and vars(G1) = vars(G) U {z} then dom(p) = vars(Gio) \ {z} so, by
LH., (6p)vars(c) is a solution for G in —re p.

2. Rule congruence: G = uy|, = z,uifz], = v1 AA [ Y1 v wilpi = youa[ylps = v AA |
Y1 ~% nil | 1, where each one of z and y appears exactly twice in the narrowing path.
Let G' = uilp: = yyuaylps — vi A A | 1. As vars(uilp, ur[z],) = vars(up) U {z} and
vars(uilp.i, v1[ylp..) = vars(ui) U{y} then vars(G') = (vars(G)U{y})\ {z}. Then dom(p) =
vars(Go) \ {z} = vars(Go)\ {y} so, by LH., (0p)yars(c) i8 @ solution for A}, u; — v; | ¢y in
— g/ and there exists a substitution p, : {y} — Tx such that (p U py)yars(cr) is a solution
for G' in — o B 80, as (p U py)vars(ay = (p U py) when applied to any term in G', ui(p U
Py)lpi = ko5 Y(PUPy)s ur(pUpy)y(pUpy)lpi —re,B vi(pUpy) and ui(pUpy) = vi(pU py),
for i < 2 < n. As y appears exactly twice in G’, this is equivalent to: uip|,, %}3073 YPy,
w1p[ypylp.s —re,B v1p and u;p — v;p, for i <2 < n. Let p, = {x — (u1p[ypylp.i)|p}. Then:
(a) as uiplpi = ko g Yy then uiply = ko g (urplypylp.i)lp, i-e. urply = ko g pe, and
(b) as u1plypylp.i —re,B v1p then xp, —ro g vIp.

As z appears exactly twice in G, this is equivalent to ui(p U ps)lp —ge p 2(p U pe), z(p U
pz) —re.B V1(pUps), and ui(p U py) — vi(p U pg), for i <2 < n, 50 (pU pr)vars(c) 18 @
solution for G in —go p.

3. Rule unification: G = uy — vi AA | 1 ~ )0, Aot | P2 ~7 il | ¥, where 8 = 03+ 0, and
o = o13. Consider the canonical path G = u; — vi A A | x1 ~ [0, D01 | X2 ~~ il | x,
where y; = 1. By Proposition 9, Ey - ¢ < x so, as p is a substitution such that ¥p is
satisfiable then xp is also satisfiable. As dom(p) = vars(Go) then the proof can be done over
the canonical path. The first narrowing step is as in the base case, with xa = (x1 A ¢°)o71.
Let G' = A | x1 A ¢°. As in the base case ¢° = (/\é:1 z; = v1lyq,), and o1 in CSUg(u; = v7),
SO U101 =B vfm.

Let p = p1Up2, with P1 = Puars(Go)Nvars(G'o) and P2 = Puvars(Go)\vars(G'c)+ As P is a sub-
stitution such that yp is satisfiable, then xp;, a more general formula, is also satisfiable, so
there exists a substitution p’ : (vars(x) \ vars(Go)) Nvars(G'c) — Ts, such that x(p1 U p’)
is satisfiable. Let § be a substitution ¢ : vars(G'o(p1 U p’)) — Tx, which must exist because
all signatures have non-empty sorts, and let v = p; U p’ U d. Then dom(v) = vars(G'o),
ran(y) = 0 and x7, equal to x(p1 U p), is satisfiable.

G'oy ~pnil | x, B =02+ 0, dom(y) = vars(G'c) = vars((G'o1)B), and x is satisfiable
s0, by LH., (87)vars(G'o,) is @ solution for G’y in —ge p.

As, trivially, (87)vars(c7oy) = B7 when applied to G'o1, then u;o18y —ge g vio187y, for
2<i<n,and EyE (x1 A ¢°)o167. Now, as 018 = o then w0y —go g v;07, for 2 <i <n,
and Ey E (x1 A ¢°)o, so also Ey E 107 and Eg E ¢°0~, ground formulas.

As dom(p2) = vars(Go)\vars(G'c) and dom(vy) = vars(G'o), then dom(p2 U~y) = vars(Go)U
vars(G'o). But po Uy = paUp Up U = pUp UJ, where dom(pU p' UJ) = vars(Go) U
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vars(G'o), so wo(p2 Uy) —prep vio(pa U7y), for 2 < ¢ < n, Ey F x10(p2 U ), and
Ey E ¢°0(p2Uy), e, u;o(pUp'Ud) — ro  vi0(pUp'Ud), for 2 < i < n, Ey E x10(pUp'UJ), and
Ey E ¢°c(pUp’Ud). Then, as vars(x10)UJ;, vars(u;)UU;_, vars(v;) C vars(Go) = dom(p),
u;op —peo g viop, for 2 <i<mn, and Ey F x10p.

As ¢° = (/\i:1 x; = vilg,) and Ey F ¢°c(p U p' U ) then Ey F /\2:1 zio(pUp Ub) =
v1lg;0(pUp' UJ), but vars(vio) C vars(Go) = dom(p), so Ey F /\é:1 zio(pUp'Ud) = v1lg,0p.
As uyo; =p v{o; and o = o018 then also ujo(p U p' Ud) =p vfo(p U p’ UJ). Now, as

v = v1[x1]q, - - - [T1]q, and vars(uio) C vars(Go) = dom(p), then uiop = uio(pUp' Ud) =5
vio(pUp'Ud) = (vi[z1lg, - -~ [11]g )o (pUp'U8) = vioplz10(pUp'Ud)lg, - - [110 (pUp'Ud)]g,) =B,
(vlgp[vl|q10p]Q1 T [U1|qz O'p}QL) = v10p, Le,uiop =g V100,80 U10P —rRe B V10 and (Up)vaTs(G)

is a solution for G in =g p.

4. Rule rewrite: G = uq|, —' z,uifz], = vi A A | Yy o A2 | Y2~ nil | 1, where
B =0y 0m and 0 = 013. Consider the canonical path G = uy|, = z,u1[z], = v1 A A |
X1 ~uler D2 | X2 ~ g il | x, where x1 = 11, as in the previous case. The first narrowing
step uses a rule ¢® = [° — r if /\f:1 l; = 7 | ¢ in R°. This narrowing step has the form:
urlp, =tz unfz], = v AA |1 0, (/\f:1 li = ri ANualr]p, = v1 A AQ)ar | (x1 A 9)on,
where o1 in CSUg(u1|p, = 1°), so ui|p,o01 =p [°01. As = appears exactly twice in G and
ran(c) is away from all the variables that have appeared before in the narrowing path, then
dom(a)N{z} =0 and ran(c) N{z} =0. Let G' = /\f:1 Li = riNulr]p = v AA | x1 A ¢
Let p = p1U pa, with P1 = P(vars(Go)\{z})Nvars(G'c) and P2 = P(vars(Go)\{z})\vars(G'a)* As
p is a substitution such that yp is satisfiable, then yp;, a more general formula, is also
satisfiable, so there exists a substitution p’ : (vars(x) \ (vars(Go) \ {z})) Nvars(G'c) — Tx,
such that x(p1 U p’) is satisfiable. Let § be a substitution ¢ : vars(G'o(p1 Up')) — Tx,
which must exist because all signatures have non-empty sorts, and let v = p; U p U 4.
As p and p; are ground substitutions then dom(vy) = vars(G’'c) and ran(y) = (. Also, as
vars(x) Nwars(G'c) C dom(p1 U p) then xv = x(p1 U p'), so x is satisfiable.

G'oy 5 nil | x, B =09+ 0, dom(y) = vars(G'c) = vars((G'o1)B), and x is satisfiable
so, by LH., (87)vars(c'e,) is a solution for G'oy in —ge B. As (87)vars(crey) = B when
applied to G'oq then l;oy —go g ri07, for 1 < i < k, ujoy —pge g vjoy, for 2 < j < n,
ui[rlpoy —ge,p vio7y, and Ey F (x1 A ¢)oy, so also Ey F xi10v and Ey F ¢ovy, ground
formulas.

In the same way that has been proven for rule unification, as ps U~y = p U p’ U J, then
ujop —gre g vjop, for 2 < j <n,and Ey F x10p.

As uq[r],0y = ge.B v107, both ground terms, and vars(vio) C (vars(Go) \ {z}) = dom(p)
then uq[r],o(p2 Uy) = ui[r]poy — e, v10y = v10(p2 U7), Le., urlr]po(pU p  Ud) —pgo B
vio(pUp' Ud) = viop.

As uq|po1 =p 1°01 then u|,0(p U p' UJ) =g I°c(p U p UJ). Also as l;oy —ge . 107
then lio(p U p' Ud) —pgep mo(pUp UG), for 1 < i < k, and as Ey F ¢oy then Ey F
po(p U p' Ud), so uilpo(pUp' Ud) =k g ra(pUp' Ud), with rule ¢°. In consequence,
w10 (p U p' Ud) =g g ualrlpo(p U p' Ud) so, as vars(uyo) C (vars(Go) \ {z}) = dom(p),
urop = u10(pU p' Ud) = ko g ur[r]po(pUp' UJ).

Asuyop =g g ua[rlpo(pUp'Ud) and usi[r],o(pUp'Ud) = ge B vi0p then uiop —ge B v10p,
S0 (0P) vars(G)\{=} 18 & solution for A’ u; = v; | ¢y in —pge p.

Take p, = {x — ro(pUp'Ud)}. As dom(o)N{z} = 0 and ran(o)N{z} = 0, then u|,0(pUps) =
urlpop = wrlpo(pUp' Ub) =k p ro(pUp' US) = 2p, = z0p, = z0(p U p,). Also, as
vars(uyo,vle) C (vars(Go) \ {z}) = dom(p) and ran(p) = 0, ui[z],0(pU ps) = uroplro(pU
P U, =uro(pUp Ud)[ro(pUp Ud)], = urlr]po(pUp Ud) —gre g viop =vi0(pU ps).
Then, as vars(A) N dom(p,) = 0, (0(p U pz))vars(c) is a solution for G in —ge p.



