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Abstract. Covariant-contravariant simulation and conformance simulation gen-
eralize plain simulation and aim at capturing the fact that it is not always the
case that “the larger the number of behaviors, the better”. We have already stud-
ied in detail their corresponding simulation semantics, which are located in the
branching-time side of the generalized ltbt-spectrum. In this paper we concen-
trate on the linear-time side of the spectrum, starting withthe development of the
adequate notions of covariant-contravariant and conformance traces. Then, we
continue by introducing suitable versions of the failures semantics and the rest of
the other classic linear semantics in the case of conformance semantics.

1 Introduction and motivation

Simulations are a very natural way to compare systems definedby labeled transition
systems or other related mechanisms based on describing thebehavior of states by
means of the actions they can execute. However, the classic notion of simulation does
not take into account the fact that whenever a system has several possibilities for the
execution of an action, it will choose in an unpredictable manner, resulting in more
non-determinism and less control.

We have proposed two new simulation notions which are more suitable to deal with
non-determinism [6]. On the one hand, covariant-contravariant simulations were de-
signed to manage systems in which non-determinism arises because of the presence of
both input and output actions; on the other hand, conformance simulations cope with
having several options for the same action. In previous works we have proved that these
simulations can be presented as instances of the coalgebraic simulation framework [6]
and have also described their logical characterizations [8].

In this paper we continue with the study of these two frameworks, this time by
concentrating on the linear-time side of the spectrum, starting with the development of
the adequate notions of covariant-contravariant and conformance traces. The most used
linear semantics are located in the ltbl [12, 5] just below the ready simulation semantics
and therefore, before studying their variations, it is natural to extend ready simulation
to the new framework. Thus, we develop the adequate notion ofcovariant-contravariant
failures, whereas for the conformance framework we show that the suitable versions of
all the classic linear semantics are just the “opposite” of the classic notions. This is so
because the ready conformance simulation preorder turns out to be the inverse of the
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plain ready simulation preorder which, to some extent, proves the adequacy of all these
original semantics also in the conformance framework.

In our previous works on the subject the relation between covariant-contravariant
semantics and those for I/O systems [11], which have been more recently integrated
in the study of interface I/O automata [9], has been noted. Weplan to consider these
recent developments in order to look for applications of ournew covariant-contravariant
semantics. The same is true for the modal transition systemswhich have been related
to the covariant-contravariant systems in [3].

Regarding conformance semantics, the first related references are also quite old
[10] and correspond to the notion of conformance testing, which is close to failures
semantics. Our simple results supporting the use of the classic linear semantics in the
conformance framework prove that no new definitions are needed to translate those of
the classic linear semantics to the new setting. As was done in [4], where character-
istic formulas were built for our conformance simulation semantics, we expect to be
able to complete the transfer of all the results on the classic semantics to the confor-
mance framework, finding new applications supported by the consideration of its very
foundations.

All the missing proofs can be found in the extended version athttp://maude.
sip.ucm.es/ ˜ miguelpt/bibliography.html .

2 Preliminaries

In this section we summarize, for the sake of completeness and easy reference, some
definitions and concepts from [12, 6, 7]. First, let us recallthat the setBCCSP(A)of
basic processes for the alphabetA is defined by theBNF-grammar

p ::= 0 | ap | p + q

wherea ∈ A. With these operators we can only define finite processes; however, it is
well known that these operators capture the essence of any transition system which can
be defined by a (possibly infinite) system of equations specifying the behavior of each
state.

Next, let us recall our two new simulation notions and their axiomatizations.

Definition 1. GivenP = (P, A,→P ) and Q = (Q, A,→Q), two labeled transition
systems for the alphabetA, and {Ar, Al}1 a partition of this alphabet, a(Ar, Al)-
simulation (or just a covariant-contravariant simulation) between them is a relation
R ⊆ P × Q such that for everypRq we have:

– For all a ∈ Ar and allp
a

−→ p′ there existsq
a

−→ q′ with p′Rq′.

– For all b ∈ Al and allq
b

−→ q′ there existsp
b

−→ p′ with p′Rq′.

We will writep .cc q if there exists a covariant-contravariant simulationR such that
pRq.

1 In [6, 8, 7] we used a more general definition which also includes bivariant actions but, since
we have noticed that in the presence of those actions some technical difficulties appear, we
prefer to omit them in this presentation.
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Remark 1 (Notation).In the following we will usea to denote the generic actions in
Ar andb to denote those inAl.

Definition 2. GivenP = (P, A,→P ) and Q = (Q, A,→Q) two labeled transition
systems for the alphabetA, a conformance simulation between them is a relationR ⊆
P × Q such that wheneverpRq, then:

– For all a ∈ A, if p
a

−→ thenq
a

−→ (this means, using the usual notation for process
algebras, thatI(p) ⊆ I(q)).

– For all a ∈ A such thatq
a

−→ q′ andp
a

−→, there exists somep′ with p
a

−→ p′

and p′Rq′ (this means that whenevera ∈ I(p) ∩ I(q), R behaves locally as a
“contravariant” simulation).

We will writep .cf q if there exists a conformance simulationR such thatpRq.

Let us recall the definitions in [12] of the most classic linear semantics for (plain)
processes.

Definition 3 (Trace semantics).We say thatα = a1 . . . an, with 0 ≤ n is a trace of
the processp (denoted byα ∈ Tr(p)) if there exist processespi with i ∈ {1, . . . n} such
thatp

a1−→ p1

a2−→ p2 . . .
an−→ pn. We also writep

α
−→ pn.

We will denote byTr(p) the set of traces of the processp, and writep .T q if
Tr(p) ⊆ Tr(q).

Definition 4 (Failure semantics).We say that〈α, X〉 is a failure pair of a processp
(denoted by〈α, X〉 ∈ F(p)) if there existsp′ such thatp

α
−→ p′ andI(p′)∩X = ∅. We

will denoteF(p) the set of failures of the processp, and writep .F q if F(p) ⊆ F(q).

Definition 5 (Ready simulation semantics).We say thatR ⊆ P ×Q is a ready simu-
lation if, wheneverpRq anda ∈ A, we have

– I(p) = I(q), and
– if p

a
−→ p′, then there existsq

a
−→ q′ such thatp′Rq′.

We will writep .RS q if there exists a ready simulationR such thatpRq.

3 Trace semantics for covariant-contravariant processes

Plain traces (covariant traces for us in the following) associate to each processp a set of
tracesTr(p), in such a way that the trace preorder.T is defined by simply takingp .T

q iff Tr(p)) ⊆ Tr(q). Instead, whenever all the actions are contravariant, contravariant
traces should allow us to define just the “opposite”2 orderp .cT q iff q .T p, by means
of set inclusion between the corresponding sets of contravariant tracesTrC (p); that is,
p .cT q iff TrC (p) ⊆ TrC (q). Since obviously we haveT1 ⊆ T2 iff T2 ⊆ T1, in this
simple case it would be sufficient to take as contravariant traces the set ofno-tracesof
each process, that is, the complement of the set of traces:TrC (p) = Tr(p).

2 We have included the quotation marks because we are changingcovariant by contravariant
actions and therefore, if we fix a partition of the set of actions {Ar, Al}, then we should
substitute the corresponding covariant actions by some “paired” contravariant ones in order to
obtain the corresponding contravariant “image” of the original covariant process.

3



Definition 6. We say thatα = b1 . . . bn is a contravariant trace (or a “no-trace”) of the

processp (denoted byα ∈ TrC (p)) if there is no sequencep
b1−→ p1

b2−→ p2 . . .
bn−→ pn,

for any processespi.

Proposition 1. Contravariant traces have the following properties:

– 〈〉 /∈ TrC (p) for anyp.
– Givenα = b1 . . . bn−1, α · 〈bn〉 ∈ TrC (p) if and only if eitherα ∈ TrC (p), or α ∈

Tr(p) and for allp
b1...bn−1

−→ pn−1

bn

6−→. As a consequence, any set of contravariant
traces is closed by extensions, that is, any extension of a contravariant trace is also
a contravariant trace.

Note the (expected!) duality with respect to the corresponding characterization of the
set of covariant traces of a process.

Proof. First, it is trivial that〈〉 /∈ TrC (p) for anyp, sincep
〈〉
−→ p. On the other hand,

let α = b1 . . . bn−1 andα · 〈bn〉 ∈ TrC (p): by definition, it is immediate to check

that eitherα ∈ TrC (p), or p
b1−→ p1

b2−→ p2 . . .
bn−1

−→ pn−1 and for allpn−1

bn

6−→.

Analogously, if eitherα ∈ TrC (p), or α ∈ Tr(p) and for allp
b1...bn−1

−→ pn−1

bn

6−→, it is

straightforward to see that there is no sequencep
b1−→ p1

b2−→ p2 . . .
bn−1

−→ pn−1

bn−→ pn

for any chain of processes, that is,α · 〈bn〉 ∈ TrC (p). ⊓⊔

Therefore, both covariant and contravariant traces allow us to compare processes by
their linear computations considering:

– either the “optimistic” point of view: to execute actions isgood, and therefore the
more (covariant) traces, the better;

– or the “pessimistic” point of view: actions are all of them bad, therefore the less
(covariant) traces (or the more contravariant traces) the better.

This corresponds to the input/output scenario where reactive and generative be-
haviours are mixed together: a server that accepts more calls is certainly more flexible,
but instead when it produces its reply we expect a certain kind of output and in this case
a more reduced set of outputs implies that we control the behaviour of the server in a
strange way, and this means that the user is more simple and feasible, since it needs not
to take care of so many scenarios.

However, in both cases plain set inclusion characterizes the corresponding order.
It is clear that the set inclusion order captures the goal “the more possible behaviours
(covariant traces) the better”, but in the contravariant case we need to reflect the oppo-
site situation, and this is the way contravariant traces correspond to (what would be)
covariant no-traces.

Next, let us consider the general and more interesting case in which we have to-
gether bothgoodactions inAr andbadactions inAl. By combining the two definitions
above we obtain the following definition of covariant-contravariant traces.

Definition 7. Given a partition{Ar, Al} of a set of actions, we say thatα is a covariant-
contravariant trace of the processp (denoted byα ∈ Trcc(p)) if and only if:
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– α = 〈〉, or
– α = 〈a〉 ∈ Ar andp

a
−→, or

– α = 〈b〉 with b ∈ Al, andp
b

6−→, or
– α = 〈a〉 · α′, a ∈ Ar, andp

a
−→ p′ with α′ ∈ Trcc(p

′), or

– α = 〈b〉 · α′ with b ∈ Al, α′ 6= 〈〉 andα′ ∈ Trcc(p
′) for all p

b
−→ p′.

The covariant-contravariant trace preorderp .ccT q is defined by:p .ccT q iff
Trcc(p) ⊆ Trcc(q).

It is easy to check that this definition nearly generalizes both the definition of plain
traces and that of contravariant traces, which correspondsto the caseAr = ∅. We said
“nearly“ because when considering both covariant and contravariant actions together we
need a uniform treatment of the empty sequence. However, since the semantics does not
distinguish two different empty traces, we have to decide ifwe want〈〉 ∈ Trcc(p) for
any processp, or 〈〉 /∈ Trcc(p). We preferred the first option in order to totally preserve
the pure covariant traces whenAl = ∅. Moreover, once we remove the empty trace
from the set of traces, we also obtain a generalization of thenotion of pure contravariant
traces for the caseAr = ∅.

As usual,Trcc(p) is the smallest set of sequences of actions inA defined by the
clauses above. As a matter of fact, the second clause can alsobe obtained as particular
case of the fourth, but we preferred to maintain it in the definition in order to emphasize
the basic cases. Note that, instead, the third clause is not aparticular case of the fifth, in
order to reflect the asymmetric treatment of the empty trace in the contravariant case.

Example 1.Let us compute the covariant-contravariant traces of the processp = b · b ·
a · 0.

– 〈〉 ∈ Trcc(p), trivially.

– 〈b〉 /∈ Trcc(p), because neither the third clause (becausep
b

−→), nor the fifth clause
are applicable. However, by the third clause〈b′〉 ∈ Trcc(p) for anyb′ ∈ Al, b′ 6= b.
We also have〈b′〉 · α ∈ Trcc(p) for anyb′ ∈ Al, b′ 6= b andα ∈ A∗.

– Analogously to the previous case, we can see that〈bb〉 /∈ Trcc(p), but 〈bb′〉 · α ∈
Trcc(p) for all b′ ∈ Al, b′ 6= b andα ∈ A∗.

– 〈bba〉 ∈ Trcc(p), becauseb · b · a · 0
b

−→ b · a · 0
b

−→ a · 0
a

−→ 0, by clauses five
and two. Hence, also〈bbab′〉 · α ∈ Trcc(p) for all b′ ∈ Al andα ∈ A∗.

– No more traces belongs toTrcc(p).

It is well-known that classic traces are closed by prefixes, that is, if α · β ∈ Tr(p)
thenα ∈ Tr(p). For covariant-contravariant traces the same is true for covariant actions.
The following proposition makes this situation precise.

Proposition 2. If α′ · 〈a〉 · β ∈ Trcc(p) then,α′ · 〈a〉 ∈ Trcc(p).

Proof. Let us prove thatα′ · 〈a〉 ∈ Trcc(p) by structural induction onα′.

– α′ = 〈〉. By definition, if〈a〉·β ∈ Trcc(p), thenp
a

−→ p′ andβ ∈ Trcc(p
′). Hence,

we also have that〈a〉 ∈ Trcc(p).
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– α′ = 〈b〉. By definition, since〈a〉 · β 6= 〈〉 and〈b〉 · 〈a〉 · β ∈ Trcc(p) we have that

〈a〉 ·β ∈ Trcc(p
′) for anyp

b
−→ p′. Thus, also〈a〉 ∈ Trcc(p

′) for anyp
b

−→ p′ and
henceα′ · 〈a〉 ∈ Trcc(p).

– α′ = 〈a〉 · α′′. By definition, if 〈a〉 · α′′ · 〈a〉 · β ∈ Trcc(p) thenp
a

−→ p′ with
α′′ · 〈a〉 · β ∈ Trcc(p

′). Thus, by induction hypothesis, alsoα′′ · 〈a〉 ∈ Trcc(p
′),

and henceα′ · 〈a〉 ∈ Trcc(p).
– α′ = 〈b〉 · α′′. This case is analogous to the previous one. ⊓⊔

For contravariant traces we have the dual result, as the following proposition makes
precise.

Proposition 3. If α′ · 〈b〉 ∈ Trcc(p) then, alsoα′ · 〈b〉 · β ∈ Trcc(p), for all β.

Proof. Indeed, letα′ · 〈b〉 ∈ Trcc(p) and let us see thatα′ · 〈b〉 · β ∈ Trcc(p) for all
β ∈ A∗. The proof will be done by structural induction overα′.

– α′ = 〈〉. By definition, if〈b〉 ∈ Trcc(p), thenp
b

6−→. Hence, by the fifth clause, also
〈b〉 · β ∈ Trcc(p), for all β ∈ A∗.

– α′ = 〈b〉. By definition, since〈b〉 6= 〈〉 and 〈b〉 · 〈b〉 ∈ Trcc(p) we have that

〈b〉 ∈ Trcc(p
′) for anyp

b
−→ p′. Thus, we have thatp′

b

6−→ for all p
b

−→ p′ and
hence〈b〉 · β ∈ Trcc(p

′). That is,α′ · 〈b〉 · β ∈ Trcc(p).
– α′ = 〈a〉 · α′′. By definition, if 〈a〉 · α′′ · 〈b〉 ∈ Trcc(p) then p

a
−→ p′ with

α′′ · 〈b〉 ∈ Trcc(p
′). Thus, by induction hypothesis, alsoα′′ · 〈b〉 ·β ∈ Trcc(p

′), and
henceα′ · 〈b〉 · β ∈ Trcc(p).

– α′ = 〈b〉 · α′′. This case is analogous to the previous one. ⊓⊔

A quick reading of Proposition 3 could make us think that the only interesting
covariant-contravariant traces that contain some contravariant action inAl are those
which has a single such action, just at the end of the trace. Then, by applying Proposi-
tion 3, we would infer that any extension of such a trace is also a trace that we could
consider derived from the first, and therefore not so interesting. The wrong implica-
tion in this “deduction” comes from the fact that covariant-contravariant traces need
not be closed by prefixes, and therefore we could have some trace containing several
contravariant actions such that no prefix containing less contravariant actions is also a
trace of that process.

Example 2.If p = ab0 we have〈ab〉 /∈ Trcc(p) but 〈abb〉 ∈ Trcc(p).

Next we give a denotational definition of the setTrcc(p) by applying the results
above.

Proposition 4. We can alternatively define the setTrcc(p) as follows:

– Trcc(0) = {〈〉} ∪ Al · A∗.
– Trcc(a · p) = {〈〉} ∪ Al · A∗ ∪ a · Trcc(p), whenevera ∈ Ar.
– Trcc(b · p) = {〈〉}∪{〈b〉 ·α | α ∈ Trcc(p) \ {〈〉}}∪{〈b′〉 ·α | b′ ∈ Al, b′ 6= b, α ∈

A∗}.
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– Trcc(p + q) = {〈〉} ∪ {〈a〉 ·α | a ∈ Ar ∧ 〈a〉 ·α ∈ Trcc(p)∪Trcc(q)} ∪ {〈b〉 ·α |
b ∈ Al ∧ 〈b〉 · α ∈ Trcc(p) ∩ Trcc(q)}.

Proof. Let us first prove that Definition 7 implies Proposition 4.

– Trcc(0). By definition,〈〉 ∈ Trcc(0). Since0
b

6−→, 〈b〉 ∈ Trcc(0) for all b ∈ Al,
and then applying the last clause we obtain that〈b〉 ·α ∈ Trcc(0) for all b ∈ Al and
all α ∈ A∗.

– Trcc(a · p). By the definitionTrcc(a · p) ⊇ {〈〉} ∪ a · Trcc(p) but, sincea · p
b

6−→,
we must add all the no-traces, that is,Trcc(a · p) = {〈〉} ∪ Al · A∗ ∪ a · Trcc(p).

– Trcc(b · p). 〈〉 ∈ Trcc(b · p) and, sinceb · p
b′

6−→ for any b′ ∈ Al with b′ 6= b,

〈b′〉 · α ∈ Trcc(b · p) for all b′ 6= b andα ∈ A∗ by clause5. Also, sinceb · p
b

−→ p
we have that〈b〉 · α ∈ Trcc(b · p) iff α 6= 〈〉 andα ∈ Trcc(p), as we needed to
prove.

– Trcc(p + q). Again 〈〉 ∈ Trcc(p + q). Also, 〈a〉 · α ∈ Trcc(p + q) if and only if
p

a
−→ p′ andα ∈ Trcc(p

′) or q
a

−→ q′ andα ∈ Trcc(q
′), that is,{〈a〉 · α | a ∈

Ar∧〈a〉·α ∈ Trcc(p)∪Trcc(q)} ⊆ Trcc(p+q). Analogously,〈b〉·α ∈ Trcc(p+q) if

and only if bothp
b

6−→ andq
b

6−→, orα ∈ Trcc(p
′) for all p

b
−→ p′ andα ∈ Trcc(q

′)

for all q
b

−→ q′, that is,{〈b〉·α | b ∈ Al∧〈b〉·α ∈ Trcc(p)∩Trcc(q)} ⊆ Trcc(p+q).

On the other hand, let us show that Proposition 4 implies Definition 7. For that, let
p be a process and consider all possibilities forα to be a covariant-contravariant trace
of p.

– 〈〉 ∈ Trcc(p) for all p. Trivial.
– α = 〈a〉 · α′, a ∈ Ar. Let us prove that ifα ∈ Trcc(p) thenp

a
−→ p′ andα′ ∈

Trcc(p
′). The proof will follow by structural induction over the shape ofp.

• 〈a〉 · α′ /∈ Trcc(0).
• Let 〈a〉 · α′ ∈ Trcc(c · p). First, the only way of obtaining a trace beginning

with 〈a〉 is havingc = a so let us consider the processa · p. Now, by definition
Trcc(a · p) = {〈〉} ∪Al ·A∗ ∪ a ·Trcc(p), thus,a · p

a
−→ p andα′ ∈ Trcc(p).

• Let 〈a〉 · α′ ∈ Trcc(p + q). By definition,Trcc(p + q) = {〈〉} ∪ {〈a〉 · α | a ∈
Ar∧〈a〉·α ∈ Trcc(p)∪Trcc(q)}∪{〈b〉·α | b ∈ Al∧〈b〉·α ∈ Trcc(p)∩Trcc(q)},
so obtaining the trace〈a〉 ·α′ is possible only if〈a〉 ·α′ ∈ Trcc(p) or 〈b〉 ·α′ ∈

Trcc(q) and hence, by induction hypothesis, we obtainp + q
a

−→ p′ with
α′ ∈ Trcc(p

′) or p + q
a

−→ q′ with α′ ∈ Trcc(q
′), as we needed to prove.

– α = 〈b〉 with b ∈ Al. Let us prove that ifα ∈ Trcc(p) thenp
b

6−→. The proof will
follow by structural induction over the shape ofp.

• By definition〈b〉 ∈ Trcc(0), and obviously0
b

6−→.

• By definition〈b〉 ∈ Trcc(a · p), with a ∈ Ar, and obviouslya · p
b

6−→.
• Let 〈b〉 ∈ Trcc(b

′ · p′). Since by definitionTrcc(b · p) = {〈〉} ∪ {〈b〉 · α | α ∈
Trcc(p)\{〈〉}}∪{〈b′〉·α | b′ ∈ Al, b′ 6= b, α ∈ A∗}, the only way of obtaining
the trace〈b〉 is with the last condition (since in the second one〈b〉 · α needs

α 6= 〈〉), that is, if the processp is b′ · p′ such thatb′ 6= b. Hence,p
b

6−→.
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• Let 〈b〉 ∈ Trcc(q + r). By definition, the only way of obtaining the trace〈b〉 is
having〈b〉 ∈ Trcc(q) and〈b〉 ∈ Trcc(r) and hence, by induction hypothesis,

q + r
b

6−→ as we wanted to prove.
– α = 〈b〉 · α′ with b ∈ Al, α′ 6= 〈〉. As in the previous case let us prove that

if α ∈ Trcc(p) thenα′ ∈ Trcc(p
′) for all p

b
−→ p′. The proof will follow by

structural induction over the shape ofp.

• By definition〈b〉 · α′ ∈ Trcc(0), and obviouslyα′ ∈ Trcc(p
′) for all 0

b
−→ p′,

because there is no suchp′.

• By definition〈b〉·α′ ∈ Trcc(a ·p), and obviouslyα′ ∈ Trcc(p
′) for all a ·p

b
−→

p′, because there is no suchp′.
• Let 〈b〉 · α′ ∈ Trcc(c · q). By definition,Trcc(b · p) = {〈〉} ∪ {〈b〉 · α | α ∈

Trcc(p) \ {〈〉}} ∪ {〈b′〉 ·α | b′ ∈ Al, b′ 6= b, α ∈ A∗}. Sinceα′ 6= 〈〉, there are

two ways of obtaining the traceα. If c 6= b, c ∈ Al we havec · q
b

6−→ and thus

α′ ∈ Trcc(q
′) for all c · q

b
−→ q. On the other hand, if the process isp = b · q,

then by definition of its trace,α′ ∈ Trcc(q) for b · q
b

−→ q.
• Let 〈b〉 · α′ ∈ Trcc(q + r). By definition,Trcc(q + r) = {〈〉} ∪ {〈a〉 · α | a ∈

Ar∧〈a〉·α ∈ Trcc(q)∪Trcc(r)}∪{〈b〉·α | b ∈ Al∧〈b〉·α ∈ Trcc(q)∩Trcc(r)},
that is, the trace〈b〉 ·α′ can only be obtained if〈b〉 ·α′ ∈ Trcc(q) and〈b〉 ·α′ ∈
Trcc(r) and hence, by induction hypothesis, we obtain the result. ⊓⊔

Example 3.Givenp = a, q = ab + ab′, r = a(b + b′), wherea ∈ Ar andb, b′ ∈ Al,
with b′ 6= b, we obtain thatp =ccT q but q 6=ccT r. Indeed,Trcc(p) = Trcc(q) =
{〈〉, 〈a〉} ∪ Al · A∗ ∪ 〈a〉 · Al · A∗; note that, for example,〈a, b〉 ∈ Trcc(q) since we

havea · b′ · 0
a

−→ b′ · 0
b

6−→. However,〈ab〉 /∈ Trcc(r), so thatr .ccT p, butp 6.ccT r.
But note that given the processesp = aba′ + aba′′, q = a(ba′ + ba′′) andr =

ab(a′+a′′) we havep =ccT r andp 6=ccT q. This is because the trace〈aba′〉 ∈ Trcc(p),
buta(ba′ + ba′′)

a
−→ ba′ + ba′′ and by Proposition 4 the traces begining with an action

in Al are as follows:Trcc(ba
′+ba′′) = {〈b〉 ·α | 〈b〉 ·α ∈ Trcc(ba

′)∩Trcc(ba
′′)}. But,

since〈b〉 · α /∈ Trcc(ba
′) impliesα = 〈a′〉 and〈b〉 · α /∈ Trcc(ba

′′) impliesα = 〈a′′〉
there is no trace starting withb in 〈ba′ + ba′′〉, and thus〈aba′〉 /∈ Trcc(q) (observe also

that neither〈b〉 ∈ Trcc(ba
′) nor 〈b〉 ∈ Trcc(ba

′′), sinceba′ b
−→ andba′′ b

−→).

As one would expect, the covariant-contravariant simulation order.cc is finer than
the covariant-contravariant trace preorder.ccT .

Proposition 5. For all processesp, q over the set of actionsA = Ar ∪ Al, we have: if
p .cc q, thenp .ccT q.

Proof. We check thatp .cc q andα ∈ Trcc(p) implies thatα ∈ Trcc(q), by structural
induction over the form of a traceα ∈ A∗.

– α = 〈〉: trivial.

– α = 〈b〉, with b ∈ Al. Sincep .cc q, if p
b

6−→ thenq
b

6−→ and〈b〉 ∈ Trcc(q).
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– α = 〈a〉 · α′, with a ∈ Ar. By definition this means that there existsp′ such that
p

a
−→ p′ andα′ ∈ Trcc(p

′). Sincep .cc q andp
a

−→ p′, there existsq′ such that
q

a
−→ q′ with p′ .cc q′. So, by induction hypothesisTrcc(p

′) ⊆ Trcc(q
′), hence

α′ ∈ Trcc(q
′) andα ∈ Trcc(q).

– α = 〈b〉 · α′, with b ∈ Al, andα′ 6= 〈〉. By definition eitherp
b

6−→ or α′ ∈

Trcc(p
′) for everyp

b
−→ p′. If p

b

6−→, sincep .cc q, we also have thatq
b

6−→ and

thus 〈b〉 · α′ ∈ Trcc(q). On the other hand, if we have thatp
b

−→ p′, then also

α′ ∈ Trcc(p
′). We have to show thatq

b
−→ q′ implies α′ ∈ Trcc(q

′) but, since

p .cc q, for all q′ such thatq
b

−→ q′ we have somep
b

−→ p′ andp′ .cc q′, and
then applying the induction hypothesis we obtain thatα′ ∈ Trcc(q

′), and therefore
α ∈ Trcc(q). ⊓⊔

Example 4.Letp = a·(b·0+a·0)andq = a·a·0. It is easy to check thatp .cc q thus, by
Proposition 5 we have thatTrcc(p) ⊆ Trcc(q). For example, we have〈abb〉 ∈ Trcc(p)

and sinceq
a

−→ a · 0 anda · 0
b

6−→ we also have that〈abb〉 ∈ Trcc(q). On the other
hand, we also have that〈ab〉 ∈ Trcc(q), but 〈ab〉 /∈ Trcc(p) sincep

a
−→ (b · 0 + a · 0)

and(b · 0 + a · 0)
b

−→ 0.

4 Trace semantics for conformance simulation

Next we develop the adequate notion of conformance traces which defines a reasonable
trace preorder that fits well under the conformance simulation preorder developed in
[6]. Conformance traces are those that not only can be executed, but cannot be refused
(from the root of the process) at any time during its execution: therefore we could also
call them “secure traces”.

Definition 8. We say thatα = a1 . . . an is a conformance trace of the processp (de-
noted byα ∈ Trcf (p)) if and only if

– α = 〈〉, or
– α = 〈a〉 andp

a
−→, or

– α = 〈a〉 · α′, p
a

−→ andα′ ∈ Trcf (p
′) for all p

a
−→ p′.

We define the conformance trace preorder.cfT byp .cfT q iff Trcf (p) ⊆ Trcf (q).

Once again, the second clause is redundant andTrcf (p) is the smallest set of se-
quences that satisfies the conditions above. For understanding better why we call con-
formance traces secure traces, let us state and prove the following lemma.

Lemma 1. If α ·β is a conformance trace of a processp, thenp′
β

−→ for anyp
α

−→ p′.

Proof. Let us suppose that there exists somep′
0

such thatp
α

−→ p′
0

andp′
0

β

6−→. But,
sinceα · β ∈ Trcf (p), by definitionβ ∈ Trcf (p

′
0
) and, in particular, this means that

p′
0

β
−→. ⊓⊔
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Example 5.For example, for the deterministic processesp = a · b · 0 andq = a · a · 0,
we haveTrcf (p) = Tr(p) = {〈〉, 〈a〉, 〈ab〉} andTrcf (q) = Tr(q) = {〈〉, 〈a〉, 〈aa〉}.

Now, let us consider the non-deterministic processr = p + q, and let us compute
the conformance traces ofr. Obviously,〈〉, 〈a〉 ∈ Trcf (r); and now〈a〉 · α′ ∈ Trcf (r)

implies thatα′ ∈ Trcf (r
′) for all r

a
−→ r′, in particular,α′ ∈ Trcf (b · 0) andα′ ∈

Trcf (a · 0), that is, the only possible traceα′ is α′ = 〈〉. Hence,{〈〉, 〈a〉} = Trcf (r).
It is in this sense that we can also call secure traces to the conformance traces, since
from the root of the processr we know that the process is not going to refuse any of
their conformance traces, whereas if we would try to executethe trace〈a, a〉 it could be
refused byr.

From this example we obtain that, in particular, if a processis deterministic its con-
formance traces coincide with its (plain) traces, as the following lemma makes precise.

Lemma 2. If p is a deterministic process thenTr(p) = Trcf (p).

Proof. It suffices to observe that in the case thanp is deterministic the universal quan-
tification in the third clause of Definition 8 can be seen as an existential quantification
(because for deterministic processes there is only one transition labeled with a concrete
actiona). ⊓⊔

Let us now show that the conformance simulation preorder is finer than the confor-
mance trace preorder.

Proposition 6. For any processesp, q, if p .cf q thenp .cfT q.

Proof. We need to show thatp .cf q andα ∈ Trcf (p) imply α ∈ Trcf (q). We will
prove it by structural induction over the shape of a traceα.

– α = 〈〉: trivial.
– α = 〈a〉 · α′: by definition,p

a
−→ and if p

a
−→ p′ thenα′ ∈ Trcf (p

′). Using
thatp .cf q andp

a
−→, we obtain thatq

a
−→ and for everyq

a
−→ q′ there exists

p
a

−→ p′ such thatp′ .cf q′. So, sinceα′ ∈ Trcf (p
′), applying the induction

hypothesis we getα′ ∈ Trcf (q
′), and thereforeα ∈ Trcc(q). ⊓⊔

A denotational definition of the set of conformance traces ofa process is also pos-
sible:

Proposition 7. We can alternatively define the setTrcf (p) as follows:

– Trcf (0) = {〈〉}.
– Trcf (a · p) = {〈〉} ∪ 〈a〉 · Trcc(p).
– Trcf (p+q) = Trcf (p)⋒Trcf (q), where⋒ denotes the following modified definition

of union-intersection for sets of traces:T1 ⋒ T2 = (T1 ∩ T2)∪ {〈a〉 ·α ∈ T1 ∪ T2 |
〈a〉 /∈ T1 ∩ T2}.

Proof. Let us first prove that this characterization follows from Definition 8.

– Trcf (0) = 〈〉 trivially.
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– Trcf (a · p). Obviously〈〉 ∈ Trcf (a · p). Also, sincea · p
a

−→ p, if α′ ∈ Trcf (p)
then〈a〉 · α′ ∈ Trcf (a · p). In other words,Trcf (a · p) = 〈〉 ∪〈a〉 · Trcf (p).

– Trcf (p + q). Obviously〈〉 ∈ Trcf (p + q), 〈〉 ∈ Trcf (p) and〈〉 ∈ Trcf (q). Now,
for the actionsa ∈ I(p) ∩ I(q), 〈a〉 · α ∈ Trcf (p + q) implies 〈a〉 · α ∈ Trcf (p)
and〈a〉 · α ∈ Trcf (q). For the actionsa /∈ I(p) ∩ I(q), that is,a ∈ I(p) \ I(q)
(respectivelya ∈ I(q) \ I(p)) if 〈a〉 · α ∈ Trcf (p) (respectively〈a〉 · α ∈ Trcf (q))
then〈a〉 ·α ∈ Trcf (p+q). Thus, we have provedTrcf (p+q) = Trcf (p)⋒Trcf (q).

Analogously, let us prove that the conditions in Proposition 7 imply Definition 8.

– α = 〈〉 is trivially a conformance trace for all processes.
– α = 〈a〉 · α′. Let us prove that ifα ∈ Trcc(p) thenp

a
−→ andα′ ∈ Trcc(p

′) for all
p

a
−→ p′. The proof will follow by structural induction over the shape ofp.
• Let p = a · q. By the characterization,Trcf (a · p) = 〈〉 ∪〈a〉 · Trcf (q), so

p
a

−→ q andα ∈ Trcf (q).
• Let p = q + r. By the characterization,Trcf (q + r) = Trcf (q) ⋒ Trcf (r),

so if a ∈ I(q) ∩ I(r) thenα ∈ Trcc(q) andα ∈ Trcc(r) and, by induction
hypothesis,α′ ∈ Trcc(p

′) for all p
a

−→ p′. On the other hand, ifa ∈ I(q)∪I(r)
buta /∈ I(q) ∩ I(r) thenα ∈ Trcc(q) or α ∈ Trcc(r): in either case, again by
induction hypothesis we obtain the result.

⊓⊔

Unfortunately, this semantics has an important drawback: the conformance trace
preorder is not a precongruence for the operators inBCCSP(A).

Example 6.Obviously we have both0 .cfT ab andac .cfT ac, butac 6.cfT ac + ab.
This problem already appeared in the conformance simulation preorder and it does not
disappear even though the conformance trace preorder is coarser.

It is easy to see that the problem can be solved exactly as it was done for the con-
formance simulation preorder in [7].

Definition 9. We define the observational conformance trace preorder.
p
cfT as:

p .
p
cfT q ⇐⇒ I(p) = I(q) ∧ p .cfT q .

Proposition 8. .
p
cfT is the biggest precongruence contained in.cfT .

Proof. Obviously, we have.p
cfT ⊆ .cfT . If there were a larger precongruence, it

would containp andq with p .cfT q butI(q) 6= I(p): then, takinga ∈ I(q)\ I(p) and,

assumingA big enough, takingb ∈ A such thatq
a·b

6−→we would haveab+p 6.cfT ab+q
(sinceab 6.cfT q).

Finally, both the prefix operator and+ preserve.p
cfT :

– If p .
p
cfT q, thenap .

p
cfT aq sinceI(ap) = I(aq) = {a}, and〈a〉 ·α′ ∈ Trcf (ap)

with α′ ∈ Trcf (p), hence,ap .cfT aq.
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– If p .
p
cfT q, we must show that alsop + r .

p
cfT q + r. First, we haveI(p + r) =

I(q + r) = I(r) ∪ I(p); and by definitionTrcf (p + r) = Trcf (p) ⋒ Trcf (r) =
(Trcf (p) ∩ Trcf (r)) ∪ {〈a〉 · α ∈ I(p) ∪ I(r) | 〈a〉 /∈ I(p) ∩ I(r)} = (Trcf (p) ∩
Trcf (r)) ∪ {〈a〉 · α ∈ I(p) ∪ I(r) | 〈a〉 /∈ I(q) ∩ I(r)}, which is included in
(Trcf (q) ∩ Trcf (r)) ∪ {〈a〉 · α ∈ I(q) ∪ I(r) | 〈a〉 /∈ I(q) ∩ I(r)} = Trcf (q) ⋒
Trcf (r) = Trcf (q + r) because by hypothesisTrcf (p) ⊆ Trcf (q). Thus, obtaining
p + r .

p
cfT q + r. ⊓⊔

5 Covariant-contravariant ready simulation and its induced linear
semantics

Following the unified classification of the semantics for (covariant) processes in [5],
the most well-known linear semantics (failures, readiness, ...) are related not with plain
simulation semantics, as is the case for the trace semantics, but with the ready simula-
tion semantics. Therefore, before generalizing the definition of those linear semantics
it is natural to consider the case of ready simulation.

Covariant-contravariant ready simulations are obtained exactly as in the plain case
by simply constraining the definition of covariant-contravariant simulation by imposing
the condition(I) I(p) = I(q) to all the pairs of related processesp, q.

Definition 10. Given two processesp andq, and{Ar, Al} a partition of the alphabet
A, a covariant-contravariant ready simulation between themis a relationR such that
for everypRq we have:

– For all a ∈ Ar and allp
a

−→ p′ there existsq
a

−→ q′ with p′Rq′.
– For all a ∈ Al, and allq

a
−→ q′ there existsp

a
−→ p′ with p′Rq′.

– I(p) = I(q).

We will denote the induced preorder by.Rcc.

Trivially, we have that the covariant-contravariant readysimulation preorder is finer
than the covariant-contravariant simulation preorder.

5.1 Covariant-contravariant failures semantics

Once again, in order to motivate our definitions we start by considering the case of
the pure contravariant failure semantics which, of course,is obtained by dualizing the
definition of (covariant) failures.

Definition 11 (Contravariant failures semantics).We say that〈β, Y 〉 is a contravari-

ant failure pair of a processp if I(p′) ∩ Y 6= ∅ for all processesp′ such thatp
β

−→ p′.
We denote the set of contravariant failures ofp byFc(p), and by.cF the order induced
by comparing the set of contravariant failures of two contravariant processes.

Proposition 9. Fc(p) = F(p), for all processesp3.

3 As before, we assume that the (covariant) actions inp become contravariant ones to obtain this
result.
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Proof. 〈β, Y 〉 ∈ Fc(p) if and only if I(p′) ∩ Y 6= ∅ for all p
β

−→ p′. In other words, if

there is no processp′′ such thatp
β

−→ p′′ with I(p′′) ∩ Y = ∅, that is,〈β, Y 〉 /∈ F(p).
⊓⊔

In order to define the most reasonable notion of covariant-contravariant failures
semantics, we keep separated the covariant and contravariant failures but considering
now any arbitrary “trace”4 to produce along a covariant-contravariant process.

Definition 12 (Extended covariant failures).Givenγ ∈ A∗ and R ⊆ Ar, we say
that 〈γ, R〉 is an extended covariant failure pair of a covariant-contravariant process
p, written 〈γ, R〉 ∈ F(p), if

– γ = 〈〉, I(p) ∩ R = ∅; or

– γ = 〈a〉 · γ′ with a ∈ Ar, and there existsp
a

−→ p′ such that〈γ′, R〉 ∈ F(p′); or

– γ = 〈b〉 · γ′ with b ∈ Al, and〈γ′, R〉 ∈ F(p′) for all p
b

−→ p′.

By abuse of notation, we will also denote by.F the induced order over covariant-
contravariant processes, since it can be easily checked that it extends the corresponding
order over covariant processes.

Definition 13 (Extended contravariant failures). Givenγ ∈ A∗ and L ⊆ Al, we
say that〈γ, L〉 is an extended contravariant failure pair of a covariant-contravariant
processp, written 〈γ, L〉 ∈ Fc(p), if

– γ = 〈〉, I(p) ∩ L 6= ∅; or

– γ = 〈a〉 · γ′ with a ∈ Ar, and there existsp
a

−→ p′ such that〈γ′, L〉 ∈ Fc(p
′); or

– γ = 〈b〉 · γ′ with b ∈ Al, and〈γ′, L〉 ∈ Fc(p
′) for all p

b
−→ p′.

We will also denote by.cF the obtained preorder over covariant-contravariant pro-
cesses, since it generalizes the corresponding notion overcontravariant processes.

Note that in the two definitions above we continue applying the “alternating”∃,∀
procedure along the sequenceγ, depending on the covariant or contravariant character
of the executed actions.

Hence, we define the covariant-contravariant failures preorder as the conjunction of
the two previously defined orders.

Definition 14. We definep .ccF q if and only ifp .F q andp .cF q. That is, if the
processq has more extended covariant failures thanp and more extended contravariant
failures.

4 We have here the word “trace” between quotation marks because, as we will show, the
sequencesγ that appear in our covariant-contravariant failure need not be a covariant-
contravariant trace of the corresponding process.
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The obtained failures semantics is finer than the covariant-contravariant traces se-
mantics, since from the corresponding set of failures pairswe can recover the set
of covariant-contravariant traces of any process. However, it is not always true that
any sequenceγ is a covariant-contravariant failure pair corresponds to acovariant-
contravariant trace of the process. Finally, we will see that the covariant-contravariant
failures semantics is indeed coarser than the covariant-contravariant ready simulation
semantics.

Lemma 3. Givenγ ∈ A∗, we have the following:

– 〈γ, ∅〉 ∈ Fc(p) if and only ifγ ∈ Trcc(p) andp cannot perform all the actions in

γ, that is,p
γ

6−→.
– Givenγ 6= γ′ · 〈b〉, 〈γ, ∅〉 ∈ F(p) if and only ifγ ∈ Trcc(p) andp can perform all

the actions inγ, that is,p
γ

−→.

Proof. First we observe that there are two types of covariant-contravariant traces: those
that the process can perform, and those that have a contravariant action that the process
cannot perform. In this second case the trace must end with a covariant actiona ∈ Ar.

So, let us suppose that〈γ, ∅〉 ∈ Fc(p). If that is the case, we must havep
γ

6−→,
because if that is not the case, after performingγ, we will be asking forI(p′) ∩ ∅ 6= ∅
for somep′, which is false. Also, in that case, by definition of extendedcontravariant
traces, it is not difficult to see thatγ ∈ Trcc(p). Analogously, if we haveγ ∈ Trcc(p)

andp
γ

6−→ we must also have〈γ, ∅〉 ∈ Fc(p).
Now, let 〈γ, ∅〉 ∈ F(p). Note that, by definition of extended covariant failures and

covariant-contravariant traces, the only posible situation for whichγ /∈ Trcc(p) is when

γ = γ′ · 〈b〉 andp
γ

−→
b

−→. So when consideringγ 6= γ′ · 〈b〉 we obtain the second
clause of the lemma. ⊓⊔

Proposition 10. If p .ccF q then,p .ccT q.

Proof. Immediate from Lemma 3. ⊓⊔

Proposition 11. Given processesp, q, we havep.Rccq impliesp.ccFq.

Proof. We check thatp.Rccq impliesp .F q andp .cF q. So, let〈γ, R〉 ∈ F(p) and
〈ρ, L〉 ∈ Fc(p), and let us prove that〈γ, R)〉 ∈ F(q) and〈ρ, L)〉 ∈ Fc(q), by structural
induction over the shape of the tracesγ ∈ A∗ andρ ∈ A∗.

– γ = 〈〉. By definitionI(p) ∩ R = ∅ and sincep.Rccq impliesI(p) = I(q), then
〈γ, R〉 ∈ F(q). The caseρ = 〈〉 is analogous.

– γ = 〈a〉 · γ′, with a ∈ Ar. By definition this means that there existsp′ such that
p

a
−→ p′ and〈γ′, R〉 ∈ F(p′). Sincep.Rccq andp

a
−→ p′, there existsq′ such

that q
a

−→ q′ with p′.Rccq
′. So, by induction hypothesis,F(p′) ⊆ F(q′), hence

〈γ′, R〉 ∈ F(q′) and thus,〈γ, R〉 ∈ F(q). Analogous forρ = 〈a〉 · ρ′
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– γ = 〈b〉 · γ′, with b ∈ Al. By definition, if p
b

−→ p′ then also〈γ′, R〉 ∈ F(p′).

We have to show thatq
b

−→ q′ implies〈γ′, R〉 ∈ F(q′) but, sincep.Rccq, for all

q′ such thatq
b

−→ q′ we have somep
b

−→ p′ andp′.Rccq
′, and then applying the

induction hypothesis we obtain that〈γ′, R〉 ∈ F(q′), and therefore〈γ, R〉 ∈ F(q).
The caseρ = 〈b〉 · ρ′ is analogous. ⊓⊔

5.2 Some examples

By means of some simple examples we are going to illustrate here how the different
semantics distinguish less or more pairs of some processes.

Example 7.Let p = b0, q = ba0 + b0 and r = bb0 + b0. We have the following
relations:

– p =ccT q. Taking γ = 〈b〉 · γ′ with γ′ 6= 〈a〉 it is clear thatγ ∈ Trcc(p) iff
γ ∈ Trcc(q), but forγ = 〈ba〉 we haveγ /∈ Trcc(p) andγ /∈ Trcc(q), because in
order to haveγ ∈ Trcc(ba0 + b0) we need bothγ ∈ Trcc(ba0) andγ ∈ Trcc(b0).
Note also thatb0 .ccT ba0, butba0 6.ccT b0.
Instead, we haver .ccT p but p 6.ccT r because〈bb〉 ∈ Trcc(p) but 〈bb〉 /∈
Trcc(r). In this case the fact thatbb0 can do the secondb make this process worse
thanb0, and thenr also becomes worse than it.

– q .ccF p andp 6.ccF q since, for example,〈〈b〉, {a}〉 ∈ F(p) and〈〈b〉, {a}〉 /∈
F(q). But covariant-contravariant failures can “see” that, in fact,b0 fails more (with
the extended notion of covariant failures) than a process that also offers ana asq.
Note that we have insteadp =cF q.
Also r .ccF p and r .ccF q, but neitherp 6.ccF r nor q 6.ccF r, because
〈〈bb〉, ∅〉 ∈ Fc(p) and〈〈bb〉, ∅〉 ∈ Fc(q), but 〈〈bb〉, ∅〉 /∈ Fc(r) just becausebb0
can perform the secondb.

– q .cc p andp 6.cc q. Obviously sincep has less contravariant actions. Also,r .cc q
andq 6.cc r.

– The three processes are not related with covariant-contravariant ready simulation,
that is,p 6.Rcc q, q 6.Rcc p, q 6.Rcc r, r 6.Rcc q, r 6.Rcc p andp 6.Rcc r.

Example 8.Let us consider the following three machines, where, as usual, the actions
whose name terminate with? are inputs (elements ofAr) and the actions whose name
terminate with! are outputs (elements ofAl).

m1 : coin? (coke! btt1? freefanta! 0 + coke! btt2? free7up! 0)
m2 : coin? (coke! btt1? freeFanta! 0 + coke! btt2? free7up! 0

+ coke! (btt2? free7up! 0 + btt1? freeFanta! 0)
m3 : coin? coke! 0

m1 is a machine that after accepting a coin, it chooses between giving us a coke and
then allows us to ask for a free fanta, or giving us a coke and then allows us to ask for a
free 7-up. The machinem2 behaves likem1, but with an extra option in which we can
choose either the fanta or the 7-up. Finally,m3 just gives us a coke for a coin. Now,
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– m1 =ccT m3 andm2 =ccT m3. Like in the previous example, since when we have
a contravariant action (in this casecoke!) we are taking the intersection of the traces
of its subprocesses, we have that〈coin? coke! btt1〉 /∈ Trcc(mi), 〈coin? coke! btt2〉 /∈
Trcc(mi) with i ∈ {1, 2, 3}.

– m1 =ccF m2, because extended covariant failures cannot distinguish if we are in
a state that offers{btt1, btt2}, {btt1} or {btt2}. Of course,m1 .ccF m3, since
〈〈coin? coke!〉, {btti}〉 ∈ F(m3), that is, after giving us the coke,m3 fails when
we try to press the buttonbtti for all i.

– m2 .cc m1, m1 6.cc m2 andm1 .cc m3.
– m1 6.Rcc m2 andm2 .Rcc m1.

Example 9.Let p = ba0 + b(a0 + a′0) andq = b(a0 + a′0). So, sincep .Rcc q we
also havep .cc q, p .ccF q andp .ccT q.

6 Conformance ready simulations and its induced linear semantics

Ready conformance simulation is also defined by imposing to the conformance simula-
tions the condition(I).

Definition 15. We say thatR ⊆ X × Y is a ready conformance simulation if for each
pair pRq qe have

– I(p) = I(q), and
– for all a ∈ A such thatq

a
−→ q′ andp

a
−→, there exists somep′ with p

a
−→ p′ and

p′Rq′.

We will denote the induced preorder by.Rcf .

In [7] we already proved that the ready conformance simulation preorder is the
inverse of the plain ready simulation preorder.

Proposition 12 ([7]).For all processesp, q we havep.Rcf q iff q .RS p.

As an immediate consequence of this result we conclude that the adequate notions
of failures, readiness, failure traces and ready traces forthe conformance framework are
just the complementary of the corresponding plain linear semantics.

As a consequence, the induced equivalences are the same as those for the plain
(covariant) semantics, while the induced orders are just the iverse of those.

Proposition 13 ([7]).For all processesp, q andX ∈ {F, R, FT, RT} we havep .cfX q ⇐⇒
q .X p, and thereforep =cfX q ⇐⇒ p =X q.

Although this could be considered a question of convention,the “direction” of the
orders.cfX reflect in a more natural way the motto “the less non-deterministic, the
best” which corresponds to the usual procedure when systemsdeveloping (more) deter-
ministic processes refine non-deterministic specifications.

Next, we present as an example, the definition of conformancefailures, which by
Proposition 9 is the “opposite” of plain failures.
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Definition 16. We say that〈β, Y 〉 is a conformance failure pair of a processp if I(p′)∩

Y 6= ∅ for all processesp′ such thatp
β

−→ p′. We denote the set of conformance failures
of p byFcf (p).

This definition in fact generalizes secure traces:

Lemma 4. α ∈ Trcf (p) if and only if for all prefixβ ≤ α with α = β · a · β′ we have
〈β, {a}〉 ∈ Fc(p).

Proof. We use the fact thatα ∈ Trcf (p) if and only if β ∈ Trcf (p) for all prefixβ ≤ α.

– Forα = 〈〉 we always have that〈〉 ∈ Trcf (p) and, obviously, for allβ · a · β′ = α
we have〈β, {a}〉 ∈ Fcf (p) since there is no such decomposition.

– For α = β · 〈a〉 we haveα ∈ Trcf (p) if and only if p
α

−→ and (p
β

−→ p′ =⇒

p′
a

−→). We also have〈β, {a}〉 ∈ Fcf (p) if and only if (p
β

−→ p′ =⇒ p′
a

−→), so
the left to right part of the result is obvious, sinceTrcf (p) is closed by prefixes. To
conclude the implication from right to left, we only need to derivep

α
−→ from the

hypothesis. This can be proved by checking that we havep
β

−→ for all β ≤ α by
induction on the lenght ofβ:
• β = 〈〉 is trivial.

• If we haveβ = β · 〈a〉, by induction hypothesis we can assume thatp
β′

−→ and

then, we havep
β′

−→ p′ and by applying the hypothesis we also havep′
a

−→,

which gives usp
β

−→. ⊓⊔

7 Conclusions

We have presented appropriate versions of the most well-known linear semantics to fit
within the two frameworks that we have developed to take intoaccount the (desired)
contravariant character of some of the elements that conform the behaviour of systems.
In more detail, we have considered the more general covariant-contravariant framework,
based on covariant-contravariant simulations, and the conformance framework, based
on the more specific conformance simulations.

We have shown that in that second case only the notion of traceneeds a revised
definition, that of secure traces, which are those whose actions can never be refused
along any of their executions. For the remaining classic linear semantics, no substantial
changes are needed in order to obtain their conformance versions. Actually, it could be
said that they indeed need a radical revision because if we wanted to use set inclusion
between the corresponding sets of observations (failures,readiness, . . . ) then we would
need to take the complements (no-failures, no-readiness, .. . ) of the observations in the
plain (covariant) case. However, we could also argue that this means that the essence
of the semantics remains the same so that the classic linear semantics based on the
observation of the ready sets are also suitable for the conformance framework.

The picture is completely different when the general covariant-contravariant case
is considered. We have defined both covariant-contravariant traces and failures in a
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natural manner but, even so, the proofs of their properties are more complex than we
expected. Moreover, the definition of the (reasonable) covariant-contravariant versions
of the rest of the classic linear semantics (readiness, failures traces, and ready traces)
seems to be complicated. We have shown that the∃∀-nesting generated by the covariant-
contravariant treatment of the different kinds of actions has to be taken into account;
now, still calling “linear” to the obtained semantics becomes a bit unnatural since they
are based on a game-like tree construction. We envisage a relation with the known-game
semantics [1, 2]; this direction deserves further exploration.

Our main conclusion is that both the simulation framework and the coarsest linear
semantics at each level of the extended ltbt-spectrum [12] have been proved to be spe-
cially robust. The definitions of the covariant-contravariant versions of those semantics
(ready simulation, traces, failures) have come out quite naturally. This agrees to some
extent to what we have in practice, where most of the developments that have happened
are either based on branching-time semantics (simulation,bisimulation, ready simula-
tion) or on those coarsest linear semantics. Once we have established the foundations
of these generalized covariant-contravariant semantics,we will look for concrete appli-
cations in which to use them to specify properties of those systems in which we find
together both covariant and contravariant features.
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