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Abstract

This paper studies the relationships between three notions of behavioural pre-
order that have been proposed in the literature: refinement over modal transi-
tion systems, and the covariant-contravariant simulation and the partial bisim-
ulation preorders over labelled transition systems. It is shown that there are
mutual translations between modal transition systems and labelled transition
systems that preserve, and reflect, refinement and the covariant-contravariant
simulation preorder. The translations are also shown to preserve the modal
properties that can be expressed in the logics that characterize those preorders.
A translation from labelled transition systems modulo the partial bisimulation
preorder into the same model modulo the covariant-contravariant simulation
preorder is also offered, together with some evidence that the former model
is less expressive than the latter. In order to gain more insight into the re-
lationships between modal transition systems modulo refinement and labelled
transition systems modulo the covariant-contravariant simulation preorder, their
connections are also phrased and studied in the context of institutions.

1. Introduction

Modal transition systems (MTSs) have been proposed in, e.g., [17, 18] as a
model of reactive computation based on states and transitions that naturally
supports a notion of refinement that is akin to the notion of implication in log-
ical specification languages. (See the paper [7] for a thorough analysis of the
connections between specifications given in terms of MTSs and logical specifica-
tions in the setting of a modal logic that characterizes refinement.) In an MTS,
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transitions come in two flavours: the may transitions and the must transitions,
with the requirement that each must transition is also a may transition. The
idea behind the notion of refinement over MTSs is that, in order to implement
correctly a specification, an implementation should exhibit all the transitions
that are required by the specification (these are the must transitions in the
MTS that describes the specification) and may provide the transitions that are
allowed by the specification (these are the may transitions in the MTS that
describes the specification).

The formalism of modal transition systems is intuitive, has several variants
with varying degrees of expressive power and complexity—see, e.g., the survey
paper [4]—and has recently been used as a model for the specification of service-
oriented applications. In particular, results on the supervisory control (in the
sense of Ramadge and Wonham [21]) of systems whose specification is given in
that formalism have been presented in, e.g., [8, 12].

The very recent development of the notion of partial bisimulation in the set-
ting of labelled transition systems (LTSs) presented in [5, 6] has been explicitly
motivated by the desire to develop a process-algebraic model within which one
can study topics in the field of supervisory control. A partial bisimulation is a
variation on the classic notion of bisimulation [19, 20] in which two LTSs are
only required to fulfil the bisimulation conditions on a subset B of the collec-
tion of actions; transitions labelled by actions not in B are treated as in the
standard simulation preorder. Intuitively, one may think of the actions in B as
corresponding to the uncontrollable events—see [5, page 4]. The aforementioned
paper offers a thorough development of the basic theory of partial bisimulation.

Another recent proposal for a simulation-based behavioural relation over
LTSs, called the covariant-contravariant simulation preorder, has been put for-
ward in [9], and its theory has been investigated further in [10]. This notion
of simulation between LTSs is based on considering a partition of their set of
actions into three sets: the collection of covariant actions, that of contravariant
actions and the set of bivariant actions. Intuitively, one may think of the covari-
ant actions as being under the control of the specification LTS, and transitions
with such actions as their label should be simulated by any correct implemen-
tation of the specification. On the other hand, the contravariant actions may
be considered as being under the control of the implementation (or of the envi-
ronment) and transitions with such actions as their label should be simulated
by the specification. The bivariant actions are treated as in the classic notion
of bisimulation.

It is natural to wonder whether there are any relations among these three for-
malisms. In particular, one may ask oneself whether it is possible to offer mutual
translations between specifications given in those state-transition-based models
that preserve, and reflect, the appropriate notions of behavioural preorder as
well as properties expressed in the modal logics that accompany them—see,
e.g., [5, 7, 10]. The aim of this study is to offer an answer to this question.

In this paper, we study the relationships between refinement over modal
transition systems, and the covariant-contravariant simulation and the partial
bisimulation preorders over labelled transition systems. We offer mutual trans-



lations between modal transition systems and labelled transition systems that
preserve, and reflect, refinement and the covariant-contravariant simulation pre-
order, as well as the modal properties that can be expressed in the logics that
characterize those preorders. We also give a translation from labelled transition
systems modulo the partial bisimulation preorder into the same model modulo
the covariant-contravariant simulation preorder, together with some evidence
that the former model is less expressive than the latter. Finally, in order to gain
more insight into the relationships between modal transition systems modulo
refinement and labelled transition systems modulo the covariant-contravariant
simulation preorder, we phrase and study their connections in the context of
institutions [13].

The developments in this paper indicate that the formalism of MTSs may
be seen as a common ground within which one can embed LTSs modulo the
covariant-contravariant simulation preorder or partial bisimilarity. Moreover,
there are some interesting, and non-obvious, corollaries that one may infer
from the translations we provide. See Section 5, where we use our transla-
tions to show, e.g., that checking whether two states in an LTS are related by
the covariant-contravariant simulation preorder can always be reduced to an
equivalent check in a setting without bivariant actions, and provide a more de-
tailed analysis of the translations. The study of the relative expressive power
of different formalisms is, however, an art as well as a science, and may yield
different answers depending on the conceptual framework that one adopts for
the comparison. For instance, at the level of institutions [13], we provide an
institution morphism from the institution corresponding to the theory of MTSs
modulo refinement into the institution corresponding to the theory of LTSs
modulo the covariant-contravariant simulation preorder. However, we conjec-
ture that there is no institution morphism in the other direction. The work
presented in the study opens several interesting avenues for future research, and
settling the above conjecture is one of a wealth of research questions we survey
in Section 9.

The remainder of the paper is organized as follows. Section 2 is devoted to
preliminaries. In particular, in that section, we provide all the necessary back-
ground on modal and labelled transition systems, modal refinement and the
covariant-contravariant simulation preorder, and the modal logics that char-
acterize those preorders. In Section 3, we show how one can translate LTSs
modulo the covariant-contravariant simulation preorder into MTSs modulo re-
finement. Section 4 presents the converse translation. We discuss the mutual
translations between LTSs and MTSs in Section 5. As described in Section 6,
the translation from MTSs and their modal logic to the realm of LTSs mod-
ulo the covariant-contravariant simulation preorder can be used to transfer the
characteristic-formula result from [7] to one for LTSs modulo the covariant-
contravariant simulation preorder. Section 7 offers a translation from LTSs
modulo partial bisimilarity into LTSs modulo the covariant-contravariant sim-
ulation preorder. In Section 8, we study the relationships between modal tran-
sition systems modulo refinement and labelled transition systems modulo the
covariant-contravariant simulation preorder in the context of institutions. Sec-



tion 9 concludes the paper and offers a number of directions for future research
that we plan to pursue.

Compared to the preliminary version of this study presented in [1], besides
including the full collection of proofs of technical results, we have also added
all the material on the relationship between characteristic formulae for both
MTSs and covariant-contravariant LTSs in Section 6, as well as some additional
results completing the study of the transformations between MTSs and LTSs in
the setting of institutions in Section 8.

2. Preliminaries

We begin by introducing modal transition systems, with their associated no-
tion of (modal) refinement, and labelled transition systems modulo the covariant-
contravariant simulation preorder. For MTS and refinement we refer the reader
to, e.g., [7, 17, 18] for motivation and examples, whereas [9, 10] can be consulted
for more information regarding covariant-contravariant simulations.

2.1. Modal transition systems and refinement

Definition 1. For a set of actions A, a modal transition system (MTS) is a
triple M = (P, —, —g), where P is a set of states and —,, -5 C P X A X P
are transition relations such that —5 C —.

An MTS is image finite iff the set {p’ | p %, p'} is finite for each p € P and
a € A

The transitions in — are called the must transitions and those in —, are the
may transitions. In an MTS, each must transition is also a may transition,
which intuitively means that any required transition is also allowed.

In what follows, we often identify an MTS, or a transition system of any of
the types that we consider in this paper, with its set of states. In case we wish
to make clear the ‘ambient’ transition system in which a state p lives, we write
(P, p) to indicate that p is to be viewed as a state in P.

The notion of (modal) refinement C over MTSs is based on the idea that if
p C ¢ then ¢ is a ‘refinement’ of the specification p. In that case, intuitively, ¢
may be obtained from p by possibly

e removing some of its may transitions and/or

e turning some of its may transitions into must transitions.

Definition 2. A relation R C P x @ is a refinement relation between the two
modal transition systems P and @ if, whenever p R ¢:

e p %5 p/ implies that there exists some ¢’ such that ¢ —5 ¢ and p’ R ¢';
e ¢ 5, ¢ implies that there exists some p’ such that p %, p’ and p’ R ¢'.

We write (P, p) C (Q, q) if there exists a refinement R such that p R q. When
the MTSs are clear from the context we may simply write p C q.



Example 1. Consider the MTS U over the set of actions A with u as its only
state, and transitions u — u for each a € A. It is well known, and not hard to
see, that u C p holds for each state p in any MTS over action set A. The state
u is often referred to as the loosest (or universal) specification.

Definition 3. Given a set of actions A, the collection of Boudol-Larsen’s modal
formulae [7] is given by the following grammar:

pu=L]TloAe|leVellae|{a)e  (acA).

The semantics of these formulae with respect to an MTS P and a state p € P
is defined by means of the satisfaction relation |=, which is the least relation
satisfying the following clauses:

)ET.

) =1 A2 if (Pp) = o1 and (P,p) = po.
) 1 Vs if (Pp) | @1 or (Pp) = po.
)
)

We say that a formula is ewxistential if it does not contain occurrences of [a]-
operators, a € A.

For example, the state u in the MTS U from Example 1 satisfies neither the
formula (a)T nor the formula [a] L. Indeed, it is not hard to see that (U, u)
satisfies a formula ¢ if, and only if, ¢ is a tautology.

The following result stems from [7].

Proposition 1. Let p,q be states in image-finite MTSs over the set of actions
A. Then p C q iff the collection of Boudol-Larsen’s modal formulae satisfied by
p is included in the collection of formulae satisfied by q.

Remark 1. As is customary in the literature on modal characterizations of
bisimulation-like relations, the implication from left to right in Proposition 1
holds for arbitrary MTSs. On the other hand, the implication from right to left
requires the assumption that the MTSs be image finite. See, for instance, [3]
for a textbook presentation.

2.2. Labelled transition systems and covariant-contravariant simulation

A labelled transition system (LTS) is just an MTS with —,=—5. In what
follows, we write — for the transition relation in an LTS.



Definition 4. Let P and @ be two LTSs over the set of actions A, and let
{A" AL Ab") be a partition of A, where the sets A", A and A%* may be empty®.
An (A", AY)-simulation (or just a covariant-contravariant simulation when the
partition of the set of actions A is understood from the context) between P and
Q@ is a relation R C P x @ such that, whenever p R ¢, we have:

e Foralla € A”UAY and all p % p/, there exists some ¢ — ¢/ with p’ R ¢'.
e For all a € A'U A and all ¢ = ¢/, there exists some p — p’ with p’ R ¢'.

We will write (P,p) Sce (Q, q) if there exists a covariant-contravariant simula-
tion R such that p R ¢q. Again, when the ‘ambient’” LTSs P and @ are clear
from the context we may simply write p <. q.

The actions in the set A” are sometimes called covariant, those in A are con-
travariant and the ones in A% are bivariant. When working with covariant-
contravariant simulations, we shall sometimes refer to the triple (A", A!, A%) as
the signature of the corresponding LTS, and we will say that such a system is a
covariant-contravariant LTS.

Example 2. Assume that a € A" and b € A!. Consider the LTS with states

. b b
p,q,7,s and transitions p % s, p = 5, ¢ — s and r = 5. Then 7 <. p <ce ¢,
but none of the converse relations holds.

Definition 5. Covariant-contravariant modal logic has almost the same syntax
as the one for modal refinement:

pu=L|T|leAp|leVe]|Dble| (ae (aeATUAbi,beAlUAbi).

However, the semantics differs for the modal operators, since we interpret
formulae over ordinary LTSs:

(P.p) | [l if (P.p/) | o for all p 2 p'.
(P,p) = {(a)p if (P,p) |= ¢ for some p % p'.

For example, both p and ¢ from Example 2 satisfy the formula (a)T, while r
does not. On the other hand, ¢ satisfies the formula [b]L, but neither p nor r
do.

The following result stems from [10].

Proposition 2. Let p, q be states in image-finite LTSs with the same signature.
Then p Sce q iff the collection of covariant-contravariant modal formulae satis-
fied by p is included in the collection of covariant-contravariant modal formulae
satisfied by q.

The image-finiteness requirement in the above result is there for the same reason
explained in Remark 1.

LOur use of the word ‘partition’ is therefore non-standard.



3. From covariant-contravariant simulations to modal refinements

We start our study of the connections between MTSs modulo refinement and
LTSs modulo the covariant-contravariant simulation preorder, by showing that
LTSs modulo <.. may be translated into MTSs modulo C. Such a translation
preserves, and reflects, those preorders and the satisfaction of modal formulae.
This result is, at first, a bit surprising, since covariant-contravariant systems
look more expressive than modal systems because they contain three different
kinds of actions, which moreover are totally independent from each other, while
modal systems only contain two kinds of transitions, which besides are strongly
related, since any must transition is also a may one.

The key idea behind the translation from LTSs modulo <., into MTSs mod-
ulo C presented below is that all the transitions in the source LTS become may
transitions in its MTS representation. Moreover, transitions in the source LTS
that are labelled with actions in A™ U A yield must transitions in its MTS
representation. However, a difficulty arises from this natural construction when
proving that two states p and ¢ in the original LTS are related by <. only
if they are related by C in its MTS representation. Indeed, the definition of
C requires that each may transition of ¢ be matched by an equally-labelled
may transition of p, whereas the definition of <.. only ensures this matching
for transitions that have some label in A" U A¥. We resolve this difficulty by
adding transitions of the form r %, u (a € A") to each state r of the MTS
representation of an LTS. Recall that, as mentioned in Example 1, u is the only
state of the loosest (or universal) specification in the setting of MTSs modulo
refinement. We discuss this issue in more technical terms in Remark 2 to follow.

Definition 6. Let P be a covariant-contravariant LTS with signature {A”, Al, A%},
Then the associated MTS M(P) is constructed as follows:

e The set of actions of M(P) is A = A" U Al U A%

e The set of states of M(P) is that of P plus a new state u.

For each transition p % p’ in P, add a may transition p %, p’ in M(P).

For each transition p = p/ in P with a € A" U A%, add a must transition
p 5o p in M(P).

For each a in A” and state p, add the transition p —, u to M(P), as well
as transitions u —. u for each action a € A.

e There are no other transitions in M(P).
The following proposition essentially states that the translation M is correct.

Proposition 3. A relation R is a covariant-contravariant simulation between
LTSs P and Q iff M(R) is a refinement between M(P) and M(Q), where
M(R) = RU{(u,q) | q a state of M(Q)}.



Proor. We prove the two implications separately.

(=) Assume that R is a covariant-contravariant simulation. We shall prove
that M(R) is a refinement.

Suppose that p R ¢ and ¢ %, ¢’ in M(Q). By the definition of M(Q), the
transition ¢ % ¢/ is in Q. If a € A' U A¥, since p R ¢ and R is a covariant-
contravariant simulation, we have that p < p’ in P for some p’ such that p’ R ¢'.
By the construction of M(P), it holds that p %, p’ and we are done. If a € A",
then p %, u and u M(R) ¢, as required.

Assume now that p R ¢ and p %5 p’ in M(P). Then p % p/ in P with
a € A" UAY,  As R is a covariant-contravariant simulation, it follows that
g > ¢ in Q for some ¢ such that p’ R ¢’. Since a € A" U A%, there is a
must transition ¢ %4 ¢’ in M(Q), and we are done. To finish the proof of this
implication, recall that, as shown in Example 1, each state ¢ is a refinement of
u.

(«<=) Assume that M(R) is a refinement. We shall prove that R is a covariant-
contravariant simulation.

Suppose that p R ¢ and ¢ = ¢ in Q with a € A U A”. Then ¢ =, ¢ in
M(Q). Since M(R) is a refinement, in M(P) we have that p %, p’ for some
p’ (different from wu, because a ¢ A") such that p’ R ¢’. By the construction of
M(P), it follows that p % p’ in P and we are done.

Suppose now that p R g and p — p/ in P with a € A" U A%. Then p =g p’
in M(P). Since M(R) is a refinement, there is some ¢’ (again, different from
u) such that ¢ %5 ¢ in M(Q) and p’ R ¢’. By the construction of M(Q), it
follows that ¢ — ¢’ in @ and we are done. a

Remark 2. As witnessed by the proof of the above proposition, the role of the
transitions p %, u in M(P) with a € A", where u is the loosest specification
from Example 1, is to satisfy ‘for free’ the proof obligations that are generated,
in the setting of modal refinement, by representing A"-labelled transitions in an
LTS P by means of must transitions in M(P). This is in the spirit of the devel-
opments in [16], where the standard simulation preorder is cast in a coalgebraic
framework by phrasing it in the setting of bisimilarity. The coalgebraic recast-
ing of simulation as a bisimulation is done in such a way that the added proof
obligations that are present in the definition of bisimilarity are automatically
satisfied.

Corollary 4. Let P and Q be two LTSs with the same signature, and let p € P
and g € Q. Then (P,p) See (@,q) iff (M(P),p) T (M(Q),q)-

Definition 7. Let us extend M to translate formulae over the modal logic that
characterizes the covariant-contravariant simulation preorder to the modal logic
for modal transition systems by simply defining M(yp) = .

Proposition 5. If P is an LTS and ¢ is a formula of the logic that characterizes
covariant-contravariant simulation, then for each p € P:

(Pp) Fy = (M(P),p) F M(p).



PRrROOF. By structural induction on ¢. The only non-trivial cases are the ones
corresponding to the modal operators, which we detail below. (In all the follow-
ing proofs, the steps labelled ‘TH’ are those that use the induction hypothesis.)

e (a)p, with a € A” U A%

(P,p) £ (a)p <= thereisp % p’ in P with (P,p') = ¢
AL thereis p %g p in M(P) with (M(P),p') = M(y)
==  (M(P),p) = (@)M(yp)

= (M(P),p) = M((a)¢)

e [a]p, with a € Al U A%,

(Pp) Elaly <= (Pp)Egpforalp%p inP
L (M(P),p) = M(p) for all p S, p/ in M(P)
(note that p %, u only for a € A”)
= (M(P),p) E [aM(yp)
—  M(P),p) = M(la]e)

O

It is natural to wonder whether it is possible to provide a version of Propo-
sition 5 for formulae in Boudol-Larsen modal logic. In particular, it would be
interesting to characterize the collections of formulae in Boudol-Larsen modal
logic whose satisfaction is preserved by M, in a suitable technical sense. In
order to address this question, let {A”, A', A¥*} be the signature of some LTS
Pandlet A= A"U Al U A",

Define the transformation MC from Boudol-Larsen formulae over A to covariant-
contravariant formulae over the signature {A", A!, A%} as follows:

Definition 8. MC is the unique homomorphism that acts like the identity
function over | and T, and that satisfies:

_ [ (@MC(p) ifaeATUAY
e MC((a)p) = { L otherwise

_ [ laMC(p) ifae AU A"
° MC([G]SD) = { T otherwise

Note that MC(¢) = ¢ when ¢ does not contain any modal operator.

The interplay between the transformation function M between LTSs and
MTSs, and the function MC operating on Boudol-Larsen formulae is fully de-
scribed by the following results.



Proposition 6. Let P an LTS over signature {A", A', A%} and let p € P.
Suppose that o is a formula in Boudol-Larsen modal logic over A = ATUA'UAY .
Then the following statements hold:

L If (M(P),p) = ¢ then (P,p) = MC(¢).
2. If (P,p) = MC(p) and (either ¢ is existential or A™ = ()) then (M(P),p) =
®.

Proor. We prove the two statements separately.

1. We proceed by induction on the structure of ¢ and focus on the cases
involving the modal operators.

e Case ¢ = (a)¢’. Assume that (M(P),p) = (a)¢'. This means that
there is some p’ such that p %5 p' in M(P) and (M(P),p) =
¢'. By the definition of M, a € A" U A" and p = p’. Moreover,
by the inductive hypothesis, (P,p) E MC(¢’). Therefore, (P,p) E
(@) MC(¢"), and since a € A™ U A%, (P, p) = MC({a)¢").

e Case ¢ = [a]¢’. Assume that (M(P),p) | [a]¢’. If a € A" then
there is nothing to prove, since MC(yp) = T. Assume therefore that
a € AU A", We will prove that (p,p) = [a]MC(¢'). To this end,
suppose that p = p’ in P with a € A'UAY". By the definition of M we
have that p %, p’ in M(P). Since (M(P),p) k= [a]¢, it follows that
(M(P),p') = ¢'. The inductive hypothesis yields (P,p’) | MC(y'),
which was to be shown.

2. Assume that (P,p) = MC(p) and that either ¢ is existential or A" = §).

We show that (M(P),p) = ¢ by induction on the structure of ¢. Again,
the only interesting cases are those dealing with the modal operators.

e Case p = (a)¢’. Since (P,p) = MC(¢), we have that a € A" U AY
and that p % p’ for some p’ such that (P,p’) = MC(y¢'). Since ¢’ is
either existential or A™ = (), we may apply the inductive hypothesis
to infer that (M(P),p’) | ¢'. By the definition of M, we have that
p g p'. Therefore (M(P),p) k= (a)¢’, which was to be shown.

e Case p = [a]¢’. Since ¢ is not existential, we have that A" = (). So
MC([a)¢) = [a]MC(¢") and (P, p) = [a]MC(¢') by assumption.
Let p %, p/ in M(P). As a € A" U A” it follows that p % p’ in P.
Therefore (P,p') = MC(¢'). By induction, (M(P),p') = ¢'. Since
p %, p' was chosen arbitrarily, it follows that (M(P),p) = [a]¢/,
and we are done. O

Remark 3. The proviso that ¢ is existential or A” = () is necessary in statement
2 of the above proposition. To see this, assume that a € A™ and consider the
Boudol-Larsen formula [a] L. Then the LTS with 0 as its only state and no
transitions satisfies T = MC([a] ). On the other hand, 0 %, u holds in M(0),
and therefore (M(0),0) F~ [a] L. This point is related to some observations we
shall present in Section 8.
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From the addition of the sink state v when defining M it follows that the
may transitions corresponding to the covariant actions a € A" play no role when
comparing the transformation of two covariant-contravariant LTSs. Unfortu-
nately, in this way the transformation MC does not preserve the satisfaction of
formulae in all the cases, as shown by the counterexample above.

Remark 4 (Open question). Is there a (compositional) translation 7 from
Boudol-Larsen logic to covariant-contravariant modal logic such that

(P,p) = T () implies (M(P),p) = ¢

for all LTSs P, states p € P and formulae ¢?

4. From modal refinements to covariant-contravariant simulations

We next show that MTSs modulo C may be translated into LTSs modulo
<cc. As the one studied in the previous section, our translation preserves, and
reflects, those preorders and the satisfaction of modal formulae. This is, to our
mind, a less surprising result than the one presented in the previous section,
even if in order to obtain it we have to introduce two “copies” of each action
a € A: one covariant cv(a) € A" to represent must transitions, and another
contravariant ct(a) € A’ to represent may transitions. As a matter of fact, we
do not need the additional generality that is offered by the possibility of also
having bivariant actions in the signature to adequately represent any MTS.

Definition 9. Let M be an MTS with set of actions A. The LTS C(M), with
signature A" = {cv(a) | a € A}, A" = {ct(a) | a € A} and A® = 0, is
constructed as follows:

e The set of states of C(M) is the same as that of M.

e For each transition p . p’ in M, add p etlg) p' to C(M).

v(a)

e Tor each transition p %4 p' in M, add p =5 p’ to C(M).

e There are no other transitions in C(M).
Observe that the LTSs obtained as a translation of an MTS have the following
properties:

1. A% =@ and

2. there is a bijection h : A” — Al such that if p 5 p’ with @ € A" then
h&z}) p,

The latter requirement corresponds to the fact that each must transition in an

MTS is also a may transition.
The following proposition states that the translation C is correct.

11



Proposition 7. A relation R is a refinement between P and Q iff R is a
covariant-contravariant simulation between C(P) and C(Q).

PROOF. We prove the two implications separately.

(=) Assume that p Rq. If p vig) p’ in C(P) then, by construction, p %q p’

in P. Since R is a refinement, there is some ¢’ in Q with ¢ %5 ¢ and p’ R ¢'.

Since g CV—((;) ¢ is in C(Q) by construction, we are done. Now, assume that

t . . . . .
q CL(;) ¢ in C(Q). Then ¢ %, ¢’ in @ and, since R is a refinement, p 5, p’ in P

for some p’ with p’ R ¢’. By construction, p ) p’ is in C(P) and we are done.

(<) Assume that p R ¢. If ¢ %, ¢/ in Q then ¢ Ct—({;) ¢ in C(Q) and, since R

. . . . . ct(a)
is a covariant-contravariant simulation, p —

p’ for some p’ in C(P) such that
p'Rq’; hence p =, p in P as required. Now, if p % p’ in P then p evig) p' in
C(P). Since R is a covariant-contravariant simulation, there is some ¢’ in C(Q)

with ¢ ch(a) ¢ and p’ R ¢, and therefore ¢ 55 ¢’ in Q. ]

Corollary 8. Let P and Q be two MTSs with the same action set, and let p € P
and q € Q. Then (P,p) E(Q,q) iff (C(P),p) Sce (C(Q);q)-

Remark 5. It is easy to see that the mapping C is injective. Therefore, given
an LTS P that is in the range of C, we may write C~!(P) for the unique MTS
whose C-image is P.

Again, we can also extend the translation C to also translate modal formulae.
However, in this case, the change of alphabet requires a simple, but non-trivial,
definition of the extension.

Definition 10. Let us extend C to translate formulae over the modal logic
for modal transition systems with set of actions A to the modal logic that

characterizes covariant-contravariant simulation with signature A” = {cv(a) |
a€ A}, Al = {ct(a) | a € A} and AY" = ().

1) =

o C(T) =

p A1) =C(p) AC(¥).
p V) =Clp) V(W)
(a)p) = (cv(a))C(e)-
o C(lalp) = [ct(a)lC(e).

Proposition 9. If P is an MTS and ¢ is a Boudol-Larsen modal formula, then
for each p € P:

C(
(
(
o C(
o C(

(

(Pp) Fy < (C(P),p) = C(p).
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PRrROOF. By structural induction on ¢, with the only non-trivial cases being
those that correspond to the modal operators:

e [a]p, with a € A.

(Pp)Eldy <= (Pp)EgforalpS,p inP
SN (C(P),p’) = C(yp) for all p Y p' in C(P)
= (C(P),p)  [ct(a)lC(p)
e (a)p, with a € A.
(P,p) E (a)p <= (P.p') = for some p 5q p' in P
A (P),p) = Cle) for some p ™S o' in C(P)
= (C(P),p) F (cv(a))C(p)
O

Remark 6. In fact, it is very easy to see that the translations M and C also
preserve, and reflect, the satisfaction of formulae in the extensions of the logics
from Definitions 3 and 5 with infinite conjunctions and disjunctions.

It is natural to wonder whether it is possible to provide a version of Propo-
sition 9 for formulae in covariant-contravariant modal logic over the signature
A" = {cv(a) | a € A}, A" = {ct(a) | a € A} and A® = ). To this end, let
C~! denote the inverse of C over Boudol-Larsen modal formulae defined in the
obvious way. We then have that:

Proposition 10. Let P be an MTS over the set of actions A, and let ¢ be a
covariant-contravariant modal formula over the signature A” = {cv(a) | a € A},
Al = {ct(a) | a € A} and A® = (). Then, for each p € P.

(P,p) EC ! p) <= (C(P),p) = ¢

PrOOF. By Proposition 9,

(P,p) ECTH(p) <= (C(P),p) FCC™(p)).
The claim now follows since C(C™1(p)) = . O

The above observation is in contrast with the result we established earlier in
Proposition 6. This may be taken to be a first indication that the translation
from MTSs to LTSs, and the accompanying one for the associated modal logics,
is “more natural” than the one from LTSs to MTSs provided in Section 3. We
will explore this issue in more detail in Section 8.
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5. Discussion of the previous translations

In Sections 3 and 4, we saw that it is possible to translate back and forth
between the world of LTSs modulo the covariant-contravariant simulation pre-
order and MTSs modulo refinement. The translations we have presented pre-
serve, and reflect, the preorders and the relevant modal formulae. There are,
however, some interesting, and non-obvious, corollaries that one may infer from
the translations.

To begin with, assume that P and @ are two LTSs with the same signa-
ture, with A” # (). Let p € P and q € Q be such that (P,p) <. (Q,q). By
Corollary 4, we know that this holds exactly when (M(P),p) C (M(Q),q).
Using Corollary 8, we therefore have that checking whether (P, p) <.. (@, q) is
equivalent to verifying whether (C(M(P)),p) Sce (C(M(Q)), q). Note now that
AP is empty in the signature for the LTSs C(M(P)) and C(M(Q)). Therefore,
checking whether two states are related by the covariant-contravariant simula-
tion preorder can always be reduced to an equivalent check in a setting without
bivariant actions.

It is also natural to wonder whether there is any relation between a state
p in an LTS P and the equally-named state in C(M(P)). Similarly, one may
wonder whether there is any relation between a state p in an MTS P and the
equally-named state in M(C(P)). In both cases, we are faced with the difficulty
arising from the fact that the transition systems resulting from the compositions
of the two translations are over the alphabet {cv(a),ct(a) | a € A}, whereas the
original system P had transitions labelled by actions in A. In order to overcome
this difficulty, we consider the renaming p : {cv(a),ct(a) | a € A} — A that
maps both cv(a) and ct(a) to a, for each a € A. Besides, for any transition
system P over the set of actions {cv(a),ct(a) | a € A}, we write p(P) for
the transition system that is obtained from P by renaming the label of each
transition in P as indicated by p. Then we have the following proposition:

Proposition 11.

1. Let P be an MTS and p € P. Then we have (p(M(C(P))),p) C (P,p).

2. Let P be an LTS and p € P. Then we have (P,p) Sce (p(C(M(P))),p).

3. In general, (P,p) C (p(M(C(P))),p) does not hold for an arbitrary MTS
P and any state p € P; nor does (p(C(M(P))),p) Sce (P,p) hold, for an
arbitrary LTS P and any state p € P.

PROOF. We limit ourselves to detailing the proof for the second statement and
to offering counter-examples proving the third one. The proof of the first claim
follows similar lines to the one for the second, and in fact is even simpler.

In order to prove the second claim, it suffices to show that the identity rela-
tion over P is a covariant-contravariant simulation between P and p(C(M(P))).
To this end, assume first that p — p’ in P for some a € A" UAY. Then p %5 p/

cv(a)

in M(P). Therefore, p — p' in C(M(P)) and p % p’ in p(C(M(P))).

14



Assume now that p % p’ in p(C(M(P))) for some a € A' U A", This means

that either p (g porp et p' in C(M(P)). We consider these two possibilities

separately.

e Suppose that p CV—(;I) p’ in C(M(P)). Then p %4 p’ in M(P). This means
that p % p’ in P and a € A" U A%. By our assumption, it must be the
case that a € A%, and we are done.

e Suppose that p ctlg) p in C(M(P)). Then p %, p/ in M(P). Since
a € A'U AY by our assumption, we have that p’ # u in M(P), because
u can only be reached via A"-labelled may transitions. Therefore, p’ € P
and p = p'.

This completes the proof of the second claim.

We now argue that, in general, (P, p) E (p(M(C(P))),p) does not hold for an
MTS P and a state p € P. Let P be the MTS over the alphabet A = {a}, with
p as its only state and with no transitions. State p has an outgoing a-labelled
may transition in p(M(C(P))), which cannot be matched by p in P. Therefore,
(P,p) Z (p(M(C(P))),p)-

To complete the proof we now argue that, in general, (p(C(M(P))),p) Scc
(P,p) does not hold for an LTS P and a state p € P. Let P be an LTS with
A" = {a}, p as its only state, and with no transitions. The sets A! and A%
can be arbitrary and play no role in the counter-example. Then it is immediate
to see that state p has a transition p % u in p(C(M(P))), but this transition
cannot be matched by p in P. m]

In what follows we present a result on the relationships between the trans-
lations M and C for LTSs without bivariant actions.

Definition 11. Let P be an LTS with its alphabet partitioned into A" and Al
Then the LTS P is that obtained from P by simply renaming every a € A" as
cv(a) and every a € Al as ct(a).

Proposition 12. Let P be an LTS over an alphabet A" U Al and let Q be an
MTS over the same alphabet. Then the following statements hold.

1. If a relation R is a covariant-contravariant simulation between P and
C(Q), then R is a refinement between M(P) and Q.

2. If (P.p) See (C(Q),q) then (M(P),p) E (Q,q), for all states p € P and
q€Q.

3. The converse implication of the above statement fails.

PROOF. We limit ourselves to detailing a proof of the first statement and to
offering a counter-example showing the third. The second statement is an im-
mediate corollary of the first.

To prove the first statement, assume that p R g and that R is a covariant-

contravariant simulation between P and C(Q). If ¢ %, ¢/ in Q then ¢ ctlg) q
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in C(Q). Since R is a covariant-contravariant simulation between P and C(Q),

there is some p’ in P with p Ctﬁ;) p and p' R ¢. Therefore, p % p’ in P with
ac A, and p 5, p' in M(P) with p’ R ¢, as required. Now, if p %5 p’ in

M(P) then p % p/ in P with a € A” and p evig) p’ in P. Since R is a covariant-

contravariant simulation between P and C(Q), there is some ¢’ in C(Q) with
cv(a)

g — ¢ and p’ R ¢, and therefore ¢ %5 ¢/ in Q, as required.

To see that the converse implication of the second statement in the proposi-
tion fails in general, let P be an LTS with A” = {a}, with p as its only state and
with no transitions. In this case A' can be arbitrary and plays no role in the
counter-example. Let Q be a one-state MTS with the transition ¢ — ¢. Then
we have (M(P),p) C (Q,q). On the other hand, (P, p) Z.. (C(Q),q), because

q ) q in C(Q) and ct(a) is a contravariant action, whereas the LTS P has no
transitions. O

6. Characteristic formulae for processes

In this section, we show that the translation C can be used to transfer char-
acteristic formulae from the setting of MTSs modulo refinement to that of LTSs
modulo the covariant-contravariant simulation preorder. Characteristic formu-
lae for processes provide an alternative, logical characterization of a preorder
in terms of a single formula: given a process t we obtain a formula x(¢) such
that t C ¢/ iff ¢/ = x(t), for all ¢'. Compare with Propositions 1 and 2, which
characterize a relation over states in terms of infinite collections of formulae.

For consistency with the developments in [7], we focus on characteristic for-
mulae for finite, “essentially loop-free” systems. Following [7, 10], to describe
these finite systems we consider two signatures: the first generates terms de-
scribing a family of MTSs, and the second generates terms denoting a family of
covariant-contravariant LTSs.

Definition 12 ([7]). Given a set of actions A, the set Tas(A) of MTS process
terms is given by
tu=0|w|at|alt|t+t.

where a € A.
We define the ‘universal MTS’ associated with Tas(A) as follows:

o Its set of states is just Tps(A).

e For each term a.t we have the transition a.t —, t; besides, for each a € A,
we have w S, w.

e Tor each term alt, and o € {0,¢} we have alt =, .

e For each term ¢; +t3, a € A and o € {0, ¢} we have t; + t5 Lo t, if and
only if, we have t; %, t' for some i € {1,2}.
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Note that w denotes the MTS U from Example 1 and is the only source of
loops in the MTS we have just described. So, abstracting from the self-loops at
the leaves labelled with w, terms in Ty (A) may be viewed as describing finite
synchronization trees, in the sense of Milner [19].

A term of the form al!t denotes a state in an MTS that can perform an a-
labelled must transition, and therefore also an a-labelled may transition, leading
to the state described by the term ¢.

Definition 13. Let (A", A',(})) be a signature and let A = A" U A'. The set
T (A) of LTS process terms is given by

tu=0w|at|t+t,

where a € A.
We define the ‘universal LTS’ associated with 71 (A) as follows:

e Its set of states is just 7.(A).

e For each term a.t we have the transition a.t — ¢; besides, for each a € Al
we have w = w.

e For each term t; + t» and each a € A, we have t; + to — ¢, if and only if,
we have t; % t' for some i € {1,2}.

The translation C from MTSs over the alphabet A to LTSs over the signature
({cv(a) | a € A}, {ct(a) | a € A}, () can be extended to terms in Ty (A) yielding
terms in Tz ({cv(a),ct(a) | a € A}) as the unique homomorphism that is the
identity over constants and satisfies the following equalities:

C(alt) = cv(a).C(t) + ct(a).C(t) and
Clat) = ct(a).C(t).

Then we have the following results:

Lemma 13. Lett be an MTS term. Then the following statements hold:

cv(a)

L Ift St for some MTS term t' then C(t) — C(t').
2. Ift o t' for some MTS term t' then C(t) g C(t).

3. If C(t) RO for some LTS term u then t 5g t' for some MTS term t'
such that u = C(t).

4. If C(¢) U for some LTS term u then t %, t' for some MTS term t'
such that uw = C(t').

PRrROOF. The first two statements can be proven by induction on the proof of
the relevant transition. The third and the fourth statement can be easily shown
by induction on the structure of ¢. O
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It is not hard to see that the LTS associated with C(t), where ¢ is an MTS
term, is the LTS one obtains by considering the MTS for term ¢, defined as in
Definition 12, and applying the translation C from Definition 9 to it. Therefore,
the following result follows essentially from Proposition 9. (One can also give a
simple proof of this result using Lemma 13 above.)

Proposition 14. For an MTS term t and a modal formula o,
tEe < C(t) EC(p).

The above result can be used to transfer characteristic formulae for MTS
terms modulo refinement to characteristic formulae for their image LTS terms
via C.

We begin by recalling the definition of characteristic formulae for MTS terms
modulo refinement from [7, 17].

Definition 14 ([7, 17]). For each term t € Tps(A), the characteristic formula
x(t) is defined as follows:

x6) = A\ ¢n \lara®), (1)

e8(t)  a€A

where the set of formulae §(¢) and the formulae ~,(t) are given inductively thus
1. 6(0) =0 and v,(0) = L,

§(w)=0and v, (w) =T,

d(a.t) =0, va(a.t) = va(t) and y(a.t) = L (b# a),

d(alt) = {{a)x(t)} and yp(alt) = vp(a.t), for each b € A, and

6(t1 +t2) = 0(t1) Ud(t2) and va(t1 +t2) = va(t1) V va(t2).

As usual, an empty conjunction stands for T.

CU W

The correctness of the above construction was proved by Larsen in [17].
Proposition 15. Let t,t' € Tpr(A). Then t Tt iff t' = x(1).

Note that the formula x(w) is logically equivalent to T. Moreover, for each
term t € Tar(A), we have that, up to logical equivalence,

A 6= Alaxt) |t 5a ).
)

Ped(t

Consider now the second conjunction in the formula (1). If ¢ can perform an
a-labelled may transition leading to a term that is equivalent to w with respect
to the kernel of C, then, up to logical equivalence,

[a]va(t) = T.
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For each term t, let A; be the subset of A consisting of all the actions a such
that each a-labelled may transition from t leads to a term that is not equivalent
to w with respect to the kernel of C. Then, up to logical equivalence,

A lalva®) = N\ [ \/{x#) [t 5t}

acA a€A,

In summary, working up to logical equivalence, we can rewrite the formula (1)
as follows:

Alax@) 1t 55 3V N T\ @) [t 5 ¢,

acA,

Proposition 16. C(x(t)) is a characteristic formula for C(t), for each t €
Ta(A).

PRrROOF. By Propositions 15 and 14, C(t) = C(x(t)). Now, assume that s =
C(x(t)) for some s € T ({cv(a),ct(a) | a € A}). We shall show that C(t) Scc s.
(Observe, in passing, that, since the map C is not surjective, the term s might
not be the image of any MTS term.) To this end, it suffices to show that the
relation

R=A{(C(t),s) | s = C(x(t),s € TL({cv(a),ct(a) [ a € A}),t € T (A)}

is a covariant-contravariant simulation.
To see this, note, first of all, that, in the light of the above discussion,

= Allev(@)e®)) [t 56 3 v A let(a)] \ACO(E) [t 5 ¢},

ac€A;

The claim can now be easily shown using Lemma 13 and the fact that C(w) =
w See 8, for each s € Tp({cv(a),ct(a) | a € A}). O

This last result can be used as an alternative to [2, Lemma 2] to prove
the existence of characteristic formulae for LTS terms that are in the range of
C. Indeed, for those terms, the characteristic formula derived using the above
proposition coincides with the one offered by the direct construction given in
the above-cited reference.

7. Partial bisimulation

The partial bisimulation preorder has been proposed in [5] as a suitable be-
havioural relation over LTSs for studying the theory of supervisory control [21]
in a concurrency-theoretic framework. Formally, the notion of partial bisimu-
lation is defined over LTSs with a set of actions A and a so-called bisimulation
set B C A. The LTSs considered in [5] also include a termination predicate |
over states. For the sake of simplicity, and since its role is orthogonal to our
aims in this paper, instead of extending MTSs and their refinements and/or
covariant-contravariant simulations with such a predicate, we simply omit this
predicate in what follows.
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Definition 15. A partial bisimulation with bisimulation set B between two
LTSs P and @ is a relation R C P x @ such that, whenever p R ¢:

e Forall a € A, if p % p/ then there exists some ¢ — ¢’ with p’ R ¢'.

e Forallbe B, if g A q' then there exists some p LA p’ with p' R¢'.

We write p <p ¢ if p R g for some partial bisimulation with bisimulation set B.

It is easy to see that partial bisimulation with bisimulation set B is a par-
ticular case of covariant-contravariant simulation.

Proposition 17. Let P be an LTS. A relation R is a partial bisimulation with
bisimulation set B iff it is a covariant-contravariant simulation for the same LTS
when it is seen as a covariant-contravariant LTS with signature A" = A\ B,
Al = () and AY = B. As a consequence we have p <p q iff p Sece q, for each
p,q € P.

PRrROOF. Immediate from the definitions. O

Remark 7. Note that, in the light of the discussion in Section 5, after having
changed the signature of the LTS P in the manner described in the statement
of the above result, checking whether p <p ¢ holds in P can always be reduced
to verifying whether p <.. ¢ holds in C(M(P)). This check does not involve
any bivariant action.

As a corollary of the above proposition, we immediately obtain the following
result, that indicates us that, instead of the modal logic used in [5] to charac-
terize the partial bisimulation preorder with bisimulation set B, one can use the
simpler, negation-free logic for the covariant-contravariant simulation preorder.

Corollary 18. Let p, q be states in some image-finite LTS. Then p Sp q iff the
collection of formulae in Definition 5 over the signature A™ = A\ B, Al =)
and AY = B satisfied by p is included in the collection of formulae satisfied by

q.

Note also that, as a corollary of Proposition 17, the translations of LTSs and
formulae defined in Section 3 can be applied to embed LTSs modulo the partial
bisimulation preorder into modal transition systems modulo refinement. In this
case, however, there is an easier alternative transformation that does not require
the extra state u.

Definition 16. Let P be an LTS over a set of actions A with a bisimulation
set B C A. Then the MTS N(P) is constructed as follows:

e The set of states is that of P.

e For each transition p % p’ in P, we add a transition p =, p’ in N(P).
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e For each transition p LN p’ in P with b € B, we add a transition p iﬂj p

in N(P).
e There are no other transitions in N (P).

Proposition 19. R is a partial bisimulation with bisimulation set B between
P and Q iff R is a refinement between N'(Q) and N'(P).

PROOF. (=) Assume that R is a partial bisimulation with bisimulation set B
and suppose that ¢ R~ p. If p %, p in N(P) then p % p’ in P. Since R is a
partial bisimulation, there is some ¢ — ¢’ in Q with p’ R ¢/ and, by construction,
q %, ¢ in N(Q) with ¢ R™' p/. Now, if ¢ %5 ¢ in N(Q) then ¢ % ¢/ in Q
with @ € B. Since R is a partial bisimulation and p R ¢, there is some p — p’
in P with p’ R ¢’ and hence p %4 p’ in N'(P), as required.

(<) Analogous. O

Remark 8. In the special case B = (), the partial bisimulation preorder is just
the standard simulation preorder. Therefore, for the LTS defined by the term
0, we have 0 <p p for each state p in any LTS P. Since B = (), all the modal
transition systems N'(P) that result from the translation of an LTS P will have
no must transitions; for such modal transition systems, N'(P) C 0 always holds.
Indeed, in that case C coincides with the inverse of the simulation preorder over
MTSs.

The drawback of the direct transformation presented in Definition 16, as com-
pared to that in Section 3, is that it does not preserve the satisfaction of modal
formulae. The problem lies in the fact that, while the existential modality (a) al-
lows any transition with a € A in the partial bisimulation framework, it requires
a must transition in the setting of MT'Ss.

As we have seen, it is easy to express partial bisimulations as a special
case of covariant-contravariant simulations. It is therefore natural to wonder
whether the converse also holds. We present some indications that the partial
bisimulation framework is strictly less expressive than both modal refinements
and covariant-contravariant simulations.

Let us assume, by way of example, that the set of actions A is partitioned
into A™ = {a} and A’ = {b}—so the set of bivariant actions is empty. In
this setting, there cannot be a translation 7 from LTSs modulo <.. into LTSs
modulo <pg that satisfies the following natural conditions (by abuse of notation,
we identify an LTS P with a specific state p):

1. Forall pand ¢, p Sce ¢ <= T(p) < T ().

2. T is a homomorphism with respect to +, that is, T(p+¢q) = T (p) + T'(q),
where + denotes the standard notion of nondeterministic composition of
LTSs from CCS [19]. (Intuitively, this compositionality requirement states
that the translation only uses ‘local information’.)

3. There is an n such that 7(b") is not simulation equivalent to 7 (0), where
b"™ denotes an LTS consisting of n consecutive b-labelled transitions.
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Indeed, observe that, by condition 2,
Tp)=Tp+0)=T(p)+7T(0) foreach p,

and therefore T (p) + 7(0) <p T (p). This means that 7(0) < T (p) for each p,
where < is the simulation preorder. In particular, 7(0) < 7(L) where L is the
process consisting of a b-labelled loop with one state, which is the least element
with respect to <.

Note now that L <. b"*1 <. b" <. 0 for each n > 0. Therefore, by
condition 1,

T(L) <p TO™™) <p T(b") <p T(0) for each n > 0.

Hence,
T(L)STEOY) STWO)ST(L) for each n > 0.

This yields that, for each n > 0, T (b"™) is simulation equivalent to 7(0), which
contradicts condition 3. (Note that we have only used the soundness of the
transformation T.)

This is clearly indicating that any 7 that is compositional with respect to
+ and is sound, in the sense of condition 1, would have to be very odd indeed,
if it exists at all. Modulo simulation equivalence, such a translation would have
to conflate a non-well-founded descending chain of LTSs into a single point.

We end this section with a companion result.

Proposition 20. Assume that a € A” and b € A'. Suppose furthermore that
B = ). Then there is no translation T from LTSs modulo <.. into LTSs modulo
<p that satisfies conditions 1 and 2 above.

PRrROOF. Assume, towards a contradiction, that 7 is a translation from LTSs
modulo <.. into LTSs modulo <p that satisfies the conditions in the statement
of the proposition. Recall that, when B is empty, <p is the simulation preorder
(see Remark 8). Therefore, using condition 2, for each p and ¢, we have that

Tp) < Tp)+T(@)=Tp+aq).

This means, in particular, that T(a) <p T (a + b). By condition 1, it follows
that a <.. a + b. This is, however, false since b is in A'. Therefore 7~ cannot
exist. O

8. Institutions and institution morphisms

After defining mutual transformations between MTSs modulo refinement
and LTSs modulo the covariant-contravariant simulation preorder, we wanted
to know how close this relationship was. In particular, it is interesting to ask
whether, in a precise sense, there is a one-to-one correspondence between those
models. Thus, in order to gain more insight into the relationship between MTSs
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modulo refinement and LTSs modulo the covariant-contravariant simulation pre-
order, we will now study their connections at a more abstract level, in the context
of institutions [13]. When compared at the level of institutions it turns out that
the correspondence between these models is not one-to-one.

Admittedly, institutions and their morphisms have not been used often in the
literature to compare the expressive power of models of concurrency. However,
those notions were proposed by Burstall and Goguen explicitly in order to relate
and translate logical systems used in computer science. We therefore think that
it is interesting to use them to study the connections between MTSs modulo
refinement and LTSs modulo the covariant-contravariant simulation preorder
within a systematic framework. An alternative, and perhaps more standard,
approach would be to study the relationships between the models we consider
in this paper following the lead of [23].

To make the paper as self-contained as possible, we first provide the formal
definition of institution and some examples. In what follows, the notation |C|
is used to denote the set of objects in a category C.

Definition 17 ([13]). An institution is a quadruple Z = (Sign, sen, Mod, |=)
such that

e Sign is a category whose objects are called signatures,

e sen : Sign — Set is a functor associating to each signature ¥ a set of
sentences over that signature,

e Mod : Sign°®® — Cat is a functor that gives for each signature X a
category whose objects are called ¥-models,

= is a function associating to each ¥ € [Sign| a binary relation f=y, C
[Mod(X)| x sen(X) called Y-satisfaction,

so that the following satisfaction condition holds for any H : ¥ — ¥’ in Sign,
M’ € |Mod(Y)] and all ¢ € sen(X):

M' s sen(H) () <= Mod(H)(M') s .

Institutions are particularly well-suited to capture, in a ‘simple’ though very
abstract manner, the notion of model and, more broadly, of logical system.
They can be used to prove general results about logical systems without the
need to consider all their possible different instances. For example, many-sorted
equational logic can be naturally turned into an institution as follows:

e Sign is the category of “ordinary” signatures ¥ = (5,) composed of a
set S of sorts and a set {2 of many-sorted operations f : s1...s, — s
of varying arities. Morphisms are defined by a pair of functions pg :
S — S’ between sorts and ug : @ — Q' between operations so that

po(f) tps(s1). . ps(sn) = ps(s).

23



e sen(X) returns the set of all equations (VX)¢ = ¢’ that can be built with
the terms over ¥ and the set of sorted variables X. For a mapping H :
¥ — ¥’ of signatures, sen(H) simply translates functions in ¥ in an
equation (VX)¢ =t to the corresponding functions in ¥'.

e Mod(Y) is simply the category of X-algebras together with the morphisms
between them. Mod(H), for H : ¥ — %', is the reduct mapping taking
a Y'-algebra A to its reduct X-algebra, usually denoted by Alx.

e Finally, the satisfaction condition can be proved to hold in many-sorted
equational logic.

Other relevant institutions commonly used in the specialized literature [13, 14]
are those for Horn logic, first-order logic, temporal logic, or the Common Alge-
braic Specification Language (CASL).

Next, we proceed to define appropriate institutions for the notions of covariant-
contravariant simulation preorder and modal transition systems.

Definition 18. The institution Z.. = (Sign,., sene, Mod,., E..), associated
with the logic for the covariant-contravariant simulation preorder, is defined as
follows.

e Sign_, has as objects triples (A4, B, C) of pairwise disjoint sets and mor-
phisms f: AUBUC — A’UB' U’ with f(A) C A', f(B) C B, and
f(cycco.

e sen..(A, B,C) is the set of formulae in the logic characterizing the covariant-
contravariant simulation preorder, with A the set of covariant actions, B
the set of contravariant actions, and C' the set of bivariant actions. For
each signature morphism f and formula ¢, the formula sen(f)(y) is ob-
tained from ¢ by replacing each action a with f(a).

e Mod..(A, B,C) is the category of LTSs over the set of actions AU B U
C, with a distinguished (initial) state. In Section 2.1 we introduced the
notation (P,p) to denote a state p inside a system P; here we will use the
same notation to denote any object of Mod..(A4, B,C). Then, a morphism
from (P,p) to (Q,q) is a covariant-contravariant simulation R such that

(p,q) € R.
Now, if f: AUBUC — A’U B’ UC(" is a signature morphism, then

Mod..(f) : Mod.(A", B’,C") — Mod..(4, B,C)
maps (P,p) to (P|¢,p|f) and R: P — @ to Ry : P|y — Q|f, where:

— The set of states of P|y is the same as that of P, and the distinguished
state remains the same: p|; = p.

— 5% mP|;ifs’ s i P.

— R|; coincides with R.
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e (P,s) Ec @ if (P,s) E ¢ using the notion of satisfaction associated
with the logic for the covariant-contravariant simulation preorder given in
Definition 5.

Proposition 21. Z.. is an institution.

PrROOF. It is easy to check that all defined notions are indeed categories and
functors. As for the satisfaction condition, if f: AUBUC — A’UB' UC’ in
Sign_., (P',s) € Mod (A, B’,C"), and ¢ € sen..(A, B,C), then

(Plvs) ):cc 56”cc(f)(90) — MOdcc(f)(Plvs) ):cc ¥

can be proved by structural induction on ¢. We consider the possible forms ¢
may have.

ce?

e T and L are trivial.

e For 1 A po:

(Plv 8) Fee sence(f)(p1 Ap2) <= (Plv 8) Fee sence(f)(p1) A sence(f)(p2)

& (Pl5,5) Fee o1 and (P'lf,5) Eee 9o
<~ (P/|f75) ):cc w1 A pa.

e Analogously for o1 V @s.
e For (a)p, witha € AUC:
(P',5) Fce sence(f)({a)g)
= (P)s) e (fla))sence(f)(®)
= there is s ¢ p in P’ with (P',p) Ece sence(f)(p)
W™ ere is 5 % pin P'|f with (P'|f,p) Ece ¢
= (Plps) Fe (e

e For [a]p, with a € BUC":

(PI,S) ':cc S@Tlcc(f)([a}(ﬁ)

= (Ps) e [fla)lsenc(f)(p)
(P',p) Ece senc.(f)(p) for all s 1) pin P’
def Zlg 1 (P'|f,p) FEce ¢ for all s % p in P'|;
(

— P/‘fas) Fee [ae.

N

This completes the proof. O

In a similar way we define the institution Z,,;s for modal transition systems.
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Definition 19. The institution Z,,;s = (Sign,,.s, seNmts, Modnis, FEmes), as-
sociated with the logic for refinement over modal transition systems, is defined
as follows.

e Sign_ .. is the category of sets.

mts

o sens(A) is the set of formulae over A in the logic presented in Defini-
tion 3. The formula sen...s(f)(¢) is obtained from ¢ by replacing each
action a with f(a).

e Mod,,;s(A) is the category of MTSs over the set of labels A, with a distin-
guished (initial) state. A morphism from (M, m) to (IV,n) is a refinement
R such that (m,n) € R.

If f: A— BinSign,,,,, then Mod,,:s(f) : Mod,,;s(B) — Mod,,;5(A)
maps an MTS (M, m) to (M|s, m|s) and a morphism R to R|;, where:

— M| has the same set of states as M and the same distinguished
state: m|; =m.

—pSep in My ifp Yo o in M.
—p35p in My ifpfg),jp’ in M.
— R|; coincides with R.
® =15 is the notion of satisfaction presented in Definition 3.

Proposition 22. 7,,;s is an institution.

PROOF. Again, let us just prove the satisfaction condition

(M/,S) ':mts Senmts(f)(<p> — MOdmts(f)(Mlas) ):mts @,

for f: A — B in Sign,,,,, (M',s) € Mod,,;s(B), and ¢ € senns(A), by
induction on . We consider the possible forms ¢ may have.

e T and L are trivial.

o For ;1 A pa:

(M/7 5) Emts S€Nmis (f) (@1 A p2)

= (M',3) Emts s€nmis(f)(91) A s€nmes () (02)

L (M)}, 5) Emts 01 and (M|}, 5) Emes 92

— (M/|f75) ):mts <P1/\<P2~

e Analogously for ¢ V @o.
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e For (a)y:

(M',S) Fmts senms(f)((a)p)
< (M/7 3) ':mts <f<a)>senmts(f)(50)

= there is s fg)g pin M’ with (M',p) Emis s€nmis(f)(p)

def M|y, . . :
FEL T ere is s % pin M'|; with (M'|f,p) Fmes ¢
— (M'[¢,5) Emis (a)p

e For [a]p:

<~ (M ) ):mts [f(a)]senmis (f)(¢)

— (M, p) Emis s€nms(f)(¢) for all s fg)o pin M’
def M7y, H (M'|,P) Emis ¢ for all s %, pin M'[;

— (M’ 5 8) Emts [ale. =

Having abstractly captured covariant-contravariant simulations and modal
transitions systems by means of institutions allows us to try to relate them by
means of the categorical machinery developed to that effect. There have been
many proposals of what a morphism between institutions should be and most
are collected and discussed in [14]. Their conclusion is that there is no canonical
notion that fits all situations, but it is commonly accepted that the most natural
is the one we present next.

Definition 20 ([14]). Given institutions Z = (Sign, sen, Mod, |£) and 7' =
(Sign’, sen’, Mod’, '), an institution morphism from Z to I’ consists of a
functor ® : Sign — Sign’, a natural transformation 3 : Mod = Mod' o ®,
and a natural transformation « : sen’ o ® = sen, such that the condition

M s ax(H) <= Bs(M) Fgr) H
holds for each ¥ € |Sign|, M € |[Mod(X)|, and H € sen’(®(X)).

The intuition behind these for institution morphisms is that they are “truth
preserving” translations from one logical system into another. As the follow-
ing result shows, one can indeed translate Z,,;s into Z.. using an institution
morphism.

Proposition 23. (P, a, ) : Znts — Zee 18 an institution morphism, where:

e &:Sign,,. — Sign, maps A to the triple (cv(A),ct(A), D), with:

mts

— ¢cv(A) ={cv(a) | a € A} and
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— ct(A) = {ct(a) | a € A}.
For f : A — B, we define ®(f)(cv(a)) = cv(f(a)) and ®(f)(ct(a)) =
ct(f(a)).

e The natural transformation « : sen . o ® = sen ;s translates a formula
in senq.(cv(A),ct(A), D) as follows:

—ao(T) =T, a(l)=1.
— afpr A <P2) = af
— a(p1V p2) (<P1
- a((CV(G))SD) = <a>0l(sﬁ)-
— a([ct(a)]p) = lala(p).
e The natural transformation [ : Mod.,,;s = Mod.. o ® maps an MTS
(M, s) in Mod,,5(A) to (C(M),s), and a morphism R to itself.

Proor. For A in Sign,,,., (M,s) in Mod,,;s(A), and ¢ in sen..(P(A)), we
prove the satisfaction condition

(M, s) ):mts a(p) <= B(M, 3) Fe ¢

by induction on ¢. The only non-trivial cases correspond to formulae of the
form (cv(a))p and [ct(a)]p.

e For (cv(a))e, we reason thus:
(M, s) E a((ev(a))p) < (M,s) E (a)a(p)
<= thereis s % pin M with (M, p) = a(yp)
there is s p in C(M) with (C(M),p) E ¢
= (C(M),s) |= (cv(a))e.

e For [ct(a)]yp, we argue as follows:

(M, s) = a([ct(a)lp) < (M, s) = [aJa(p)
<~ (M,p) E aly) forall s 5, pin M
A (C(M),p) = ¢ for allsCt—(C;)pin C(M)
= (C(M),s) |= [ct(a)]p.
This completes the proof. O

The importance of the above result is that MTSs modulo refinement and their
accompanying modal logic can be ‘translated in a truth preserving fashion’
into LTSs modulo the covariant-contravariant simulation preorder and their
companion modal logic. Now it is natural to ask whether one can consider
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Lmts & ‘subinstitution’ of Z... Once again there are several related notions of
subinstitution, but the minimum requirement that they all make is that the
functor B, which is used to translate the models between the institutions, is
an equivalence of categories. Next we will show that even with a ‘natural’
institution morphism from Z,,;s to Z.., it is not possible to present the former
as a subinstitutions of the latter by means of an embedding.

Recall that an object in a category is weakly final if any other object has at
least one arrow into it.

Proposition 24. Mod..(A, B,0) has weakly final objects but Mod,,;1s(A) does
not.

PROOF. First, consider the pair (F,s) where F' is the LTS with a single state s
and transitions s % s for every a € A. (Note that, if A is empty, then (F,s) is
just the LTS 0.) It is immediate to check that (F,s) is a weakly final object of
Mod..(A, B, D).

Now, assume that (F’,s’) is weakly final in Mod,,;s(A4) and consider the
following two MTSs:

e (M,m), with m the only state in M and transitions m %5 m (and m %,
m) for every a € A.

e (N,n), with n the only state in N and no transitions.

The existence of a morphism, that is a refinement, from (M,m) to (F’,s’)
implies that, for every a € A, there must be transitions of the form s’ %5 s/,
in F’ for some s’ ; therefore, there are also transitions s %, s/,. But then, the
morphism from (N, n) to (F’,s’) requires the existence of transitions n %, n in
N, which do not exist by the definition of N. Hence, there is no weakly final

object in Mod,,45(A). O

In other words, in the absence of bivariant actions, there is a universal imple-
mentation in the setting of LTSs modulo the covariant-contravariant simulation
preorder. Within that framework, there is also a universal specification, namely

the LTS (I, s) where I is the LTS with a single state s and transitions s 5 s for
every b € B. On the other hand, there is a universal specification with respect
to modal refinements, namely the MTS U from Example 1, but no universal
implementation.

Proposition 25. There cannot exist an embedding (P, «, 8) from Lpis into L.
such that ®(A) does not have bivariant actions for some A.

PROOF. If such an embedding existed then (4, which is the natural transfor-
mation translating MTSs into LTSs and refinement relations into covariant-
contravariant simulations, would be an equivalence between Mod,,;s(A4) and
Mod..(®(A)). Since equivalences of categories preserve weakly final objects,
the result follows from Proposition 24. ]
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We will now argue that Z,,;s cannot be embedded into Z.. even in the presence
of bivariant actions. Recall that an object in a category is weakly initial if there
is at least one arrow from it into any other object.

Proposition 26. Mod,,;s(A) has weakly initial objects but Mod..(A, B,C)
does not if C # 0.

Proor. Consider the MTS (I, s) defined by s 5, s for all @ € A. We have
already seen that it is weakly initial.

Now, assume that (I’,s’) is weakly initial in Mod.(4, B,C) and let ¢ € C.
We define the following LTSs:

e (P,p) with p > p, and
e (Q,q) with a single state ¢ and no transitions.

A morphism from (I’,s") to (P,p) requires a transition s’ <+ s” in I’ for some
s". But then, a morphism from (I’,s’) to (Q,q) requires a transition ¢ % q,

which does not exist by definition. Therefore, (I’,s") cannot exist. O

Proposition 27. There cannot exist an embedding (D, a, 8) from Lpss into Lo,
such that ®(A) has bivariant actions for some A.

PROOF. Such an embedding (4, if it existed, would be an equivalence of cat-
egories between Mod,,;s(A) and Mod..(®(A4)). This cannot hold by Propo-
sition 26 because equivalences of categories preserve weakly initial objects.
O

By the way, next we also prove that there is no embedding in the reverse direc-
tion, that is, from Z.. into Z,,.

Proposition 28. There exists no embedding from L., into Lpys-

PRrOOF. If such an embedding (®,, 3) existed, B4 5,0y would be an equiva-
lence between Mod,.(4, B,?) and Mods(®(A, B,0)), which is not possible
by Proposition 24 because equivalences preserve weakly final objects. O

In [1] we conjectured that there is not even an institution morphism from Z,.
to Zyts; we now make this claim precise.

If we are not concerned about how contrived this morphism can be, then a
trivial one can indeed be defined. Let ® map any signature to the singleton set

{1}, 8 map any LTS to a MTS with a single state s and transitions s —1><> s and

s 5 s, and « be recursively defined by a([1]y) = a(¢), a({l)p) = a(p), and
as expected in the remaining cases. It is then a simple exercise to check that
(P, , B) satisfies the conditions to be an institution morphism, however trivial
and artificial it may be.

Taking Proposition 23 as a model, and recalling the good properties of the
function M studied in Section 3, a “natural” morphism from Z.. to Z,,;s would
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be expected to satisfy 8(M,s) = (M(M),s). We now argue that such a mor-
phism cannot exist.

Assume that (A, B,C) € Sign,,, let a € A be any covariant action, and
[a] L a Boudol-Larsen modal formula: how should «([a]L) be defined? By the
requirements of institution morphisms, the following equivalence must hold for
all LTS M:

(M, 5) e allal L) <= B(M,s) Fmis [a] L.

The right-hand side is true iff (M(M),s') FEms L for all s 5, s" in M(M)
which, by construction, only holds if there is no s’ in M with s = s’ in M.
Therefore, a([a]L) has to be such that:

o (M,s) |=ce af[a] L) if there is no s % s’ in M, but
o (M,s) [ce af[a] L) if there is s % &' in M.

The immediate candidate would be [a] L itself, now considered as a covariant-
contravariant modal formula, but this is not possible since in this framework the
modality [] requires a contravariant action. Actually, no such formula can be
defined which means that no institution morphism with 8(M, s) = (M(M), s)
can exist.

Certainly, the given definitions of the institutions Z.. and Z,,;s are not the
only possible ones. We have also studied more general institutions Z/,. and 7,
where the functions f in the signature are replaced by relations but, unfortu-
nately, the negative results above remain valid.

e Sign’, has as objects triples (A4, B, C) of pairwise disjoint sets and mor-
phisms are relations R C (A x A’)U (B x B')U(C x C").

e sen’ (A, B, () is the set of formulae in the logic characterizing the covariant-
contravariant simulation preorder, with A the set of covariant actions,
B the set of contravariant actions, and C' the set of bivariant actions.
For each morphism R and formula ¢, the formula sen’ (R)(p) is ob-
tained from ¢ by “replacing” each action a with every a’ such that aRa’.
More precisely, sen’.(R)(¢) is defined recursively so that (a)¢’ becomes

Vara (@) sent.(R)(¢") and [bly’ becomes Ay, [b]sen,. (R)(¢').

e Mod/, (4, B, C) is the category of LTSs over the set of actions AUBUC,
with a distinguished state; a morphism from (P, p) to (Q, ¢) is a covariant-
contravariant simulation S such that (p,q) € S.

Now, if R : (A, B,C) — (A’,B’,(C") is a Sign/, -signature morphism,
then

Mod’ (R) : Mod’,,(A’, B',C") — Mod.,.(A, B,C)
maps P to R(P) and a simulation S : P — Q to R(S) : R(P) — R(Q),
where:

— The set of states of R(P) is the same as that of P, and the distin-
guished state remains the same.
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—p%p in R(P) if aRa’ and p % p in P.
— R(S) coincides with S.
o (Ps) E,. ¢if (P,s) E ¢ using the notion of satisfaction associated
with the logic for the covariant-contravariant simulation preorder given in
Definition 5.

That is, signature morphisms become arbitrary relations that ‘preserve’ the
modality of the actions.

Obviously, the institution Z,,;s could be subjected to an analogous general-
ization; then, it would be a simple exercise to translate to this new setting the
results proved in Propositions 21-28.

9. Conclusions and future work

In this paper we have studied the relationships between three notions of
behavioural preorders that have been proposed in the literature: refinement
over modal transition systems, and the covariant-contravariant simulation and
the partial bisimulation preorders over labelled transition systems. We have
provided mutual translations between modal transition systems and labelled
transition systems that preserve, and reflect, refinement and the covariant-
contravariant simulation preorder, as well as the the modal properties that can
be expressed in the logics that characterize those preorders. We have also offered
a translation from labelled transition systems modulo the partial bisimulation
preorder into the same model modulo the covariant-contravariant simulation
preorder, together with some evidence that the former model is less expressive
than the latter. Finally, in order to gain more insight into the relationships
between modal transition systems modulo refinement and labelled transition
systems modulo the covariant-contravariant simulation preorder, we have also
phrased and studied their connections in the very general abstract framework
of institutions.

The work presented in the study opens several interesting avenues for future
research. Here we limit ourselves to mentioning a few research directions that
we plan to pursue in future work.

First of all, it would be interesting to study the relationships between the
LTS-based models we have considered in this article and variations on the MTS
model surveyed in, for instance, [4]. In particular, the third author recently
contributed in [11] to the comparison of several refinement settings, including
modal and mixed transition systems. The developments in that paper offer a
different approach to the comparison and application of the formalisms studied
in this article.

In [10], three of the authors gave a ground-complete axiomatization of the
covariant-contravariant simulation preorder over the language BCCS [19]. Tt
would be interesting to see whether the translations between MTSs and LTSs
we have provided in this paper can be used to lift that axiomatization result, as
well as results on the nonexistence of finite (in)equational axiomatizations, to
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the setting of modal transition systems modulo refinement, using the BCCS-like
syntax for MTSs given in [7] and used in Section 6 of this paper. We also intend
to study whether our translations can be used to obtain characteristic-formula
constructions [7, 15, 22] for one model from extant results on the existence of
characteristic formulae for the other. In the setting of the finite LTSs that are
the image of MTS terms via C, this has been achieved in Section 6 of this study.

The existence of characteristic formulae allows one to reduce checking the
existence of a behavioural relation between two processes to a model checking
question. Conversely, the main result from [7] offers a complete characteriza-
tion of the model checking questions of the form (M, m) = ¢, where M is an
MTS and ¢ is a formula in the logic for MTSs considered in this paper, that
can be reduced to checking for the existence of a refinement between (M, m,)
and (M, m), where (M, m,) is an MTS with a distinguished state that ‘graph-
ically represents’ the formula ¢. In [2], we offered a characterization of the
logical specifications that can be ‘graphically represented’ by LTSs modulo the
covariant-contravariant simulation preorder and partial bisimilarity. This result
applies directly to LTSs whose signature contains no bivariant actions. Such a
characterization may shed further light on the relative expressive power of the
two formalisms and may give further evidence of the fact that LTSs modulo the
covariant-contravariant simulation preorder are, in some suitable formal sense,
more expressive than LTSs modulo partial bisimilarity.

Last, but not least, the development of the notion of partial bisimulation
in [5, 6] has been motivated by the desire to develop a process-algebraic model
within which one can study topics in the field of supervisory control [21]. Re-
cently, MTSs have been used as a suitable model for the specification of service-
oriented applications, and results on the supervisory control of systems whose
specification is given in that formalism have been presented in, e.g., [8, 12].
It is a very interesting area for future research to study whether the mutual
translations between MTSs modulo refinement and LTSs modulo the covariant-
contravariant simulation preorder can be used to transfer results on supervi-
sory control from MTSs to LTSs. One may also wish to investigate directly
the adaptation of the supervisory control theory of Ramadge and Wonham to
the enforcement of specifications given in terms of LTSs modulo the covariant-
contravariant simulation preorder.

Acknowledgments. We thank the three anonymous reviewers and the guest ed-
itors for their insightful comments that led to improvements in the paper.
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